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1. INTRODUCTION 
1.1 Object and Scope 
The object of this investigation is to develop a method for the 
analysis of the dynamic response of simple-span highway.bridges in the in-
elastic range of deformation, when subjected to the action of moving vehicles. 
The bridge is idealized·as a single beam and it is represented by 
a series of rigid bars joined by moment resistant hinges. Two discrete models 
are studied assuming.either a continuous mass distribution or a series of 
lumped masses at the joints. The analysis is 'based on a bilinear 'bending' 
moment-curvature relationsh.ip. Two types of bilinear 'behavior are considered: 
(1) bilinear inelastic of a histeretic type and (2) bilinear elastic with 
loading .andunloadingalong the original path. ,The vehicle is represented as 
a multiple-axle sprung'load having an idealized bilinear'load-deformation 
diagram of the histeretic type for the suspension system of each axle. The 
non-linearity of the vehicle itself arises when the effect of interleaf 
friction in the suspension spring :is taken into account. 
Previous work in the·area of. inelastic behavior can be considered in 
two groups: 
(1) Formulation of the problem so that. the continuous distribution 
of mass and flexibility of the structure:is maintained; . the analysis is 
generally mathematically rigorous. Bleich andSalvadori(5)* presented a method 
using a normal mode of vibration approach; one expansion is used in the elastic 
stage and when the first plastic hinge develops a new set of modes is used. 
* Numbers in parentheses, .unless otherwise identified, .refer to·items in the 
List of References. 
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Whenever a new plastic hinge appears or a section re-elasticizes or replasti-:_ 
cizes, different modes must be used. The method, however, is impractical to 
apply, except for the simple cases. A general modal approach which avoids 
some of these difficulties has been presented by Bleich. (4) Lee and 
Symonds(lO) proposed a rigid-plastic theory for the dynamic analysis of beams 
for loadings with initial velocity, while a simplified one-hinge rigid-plastic 
analysis which also includes the effect of shear yielding was presented by 
Salvadori andWeidlinger. (14) The major limitation of this latter method is 
that it can be applied only to those cases in which the plastic deformations 
are of such magnitude that the elasti.c deformations can be neglected. (15) 
the structure. 
Analysis 'of the problem characterized by a discretization of 
Berg and DaDeppo(2) described a numerical method for deter-
mining the dynamic response of a multi.-story elasto-plastic structure subjected 
to lateral· dynamic loads.. The procedure is based on a "predictor-corrector,,(20) 
approach which consists of a superposition of a ucorrector" solution on an 
elastic solution in such a·way.that the moments in the structure nowhere 
exceed the value of the plastic hinge moments. This is an adaptation of the 
incremental' theory of plasticity for framed structures used by Prager and 
Hodge. (13) A finite difference method for beams based on the aboveflpredictor-
corrector" approach has been presented by Baron, Bleich and,Weidlinger. (1) 
A numerical integration procedure for beams using a rigorous method of deter-
mining the transition points between elastic and plastic behavior was developed 
by Heidebrecht, Fleming .and Lee. (7) This method is pract.ical even for a large 
number of plastic hinges. Recently, Wen and Toridis(20) presented a .numerical 
integration procedure assuming a bilinear moment-curvature relationship for 
the beam model. Except for the latter investigation all previous studies 
have been restricted to structures with an elasto-plastic or rigid-plastic 
behavior. 
-3-
The results cited above are not directly applicable to the present 
study because .in every case the-loading condition considered is 'one_in which 
the load distribution is fixed and only the intensity is time dependent. 
A special case of the general bilinear behavior is the perfectly 
elastic beam.which has been the subject of extensive theoretical and experi-
t d ' (3,17,18,19) mental s u les. 
The primary objectives of the study reported here ·are·as follows: 
(a) The formulation of· a method of analysis 
(b) 'The development of a computer program for-application of 
the method 
(c) An exploratory study of the effects of the various variables 
entering .into the problem . 
.. A secondary. objective of the investigation is· a study of certain 
aspects of a perfectly elastic responseand.a comparison with other methods 
of soluti.on. (9) 
In the.investigation different schemes of integration are considered 
using both iterative as well as' non-iterative procedures and·the results of 
the different procedures are compared .. A "standard" sprung vehicle with 
prescribed initial conditions is considered and a set of standard bridge-
vehicle parameters are. maintained throughout this study. 
In Chapter .. 2. a description of the method of analysis is' presented. 
Chapter :3"- cLeals with the computer programs for the . different procedures and 
analytical models. The results for perfectly elastic beam behavior are dis-
cussed in Chapter ~4. A discussion of the -effects of the . various parameters 
for the.beamin the post-elastic range of deformation is presented in 
Chapter 5. A summary of the significant results of this study is given in 
Chapter '6.~ 
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1.2 Notation 
The symbols used in this report are defined in the text when they 
first appear. For convenience of reference, the most important ones are 
summarized here in alphabetical order. 
AF 
c 
c. 
J 
[ c J 
ratio of the horizontal distance between the center of gravity 
of the tractor and its rear axle to the axle Fpacing of the 
tractor 
ratios of distances, as shown in Fig. 2.3 
amplification factor equal to the ratio of the absolute 
maximum value of a dynamic effect to the corresponding 
maximum crawl effect 
AF for deflection 
= AF for moment 
symmetric square matrix of dimensionless coefficients ai' 
defined inEq.2.9 
symmetric square matrix,. definedin.Eq. 2.22 
= constants definedin.Eqs. 2.15 and 2.19 
= coefficient of viscous damping for beam per unit length 
coefficient of damping for damper at joint j 
symmetric square diagonal matrix of damping coefficients, 
defined in:Eq .. 2.5 
[CJ,[C*L[C1 J= square matrices defined in Eqs. 2.15, 2.19 and 2.37, 
respectively 
DI 
dp . 
,l 
= dimensionless dynamic increment,. defined as the difference 
between the instantaneous value of a dynamic effect and the 
corresponding static effect, normalized with respect to the 
maximum static value of that effect 
= DI for deflection 
DI for moment 
the bridge Profile variation, a function defining the beam 
configuration at its position of static equilibrium 
ordinate of bridge profile defined by d(x) at the point of 
application of P. 
l 
E 
I 
F. 
l 
F~ 
l 
g 
h 
k 
s 
M.-
J 
(M} 
( L::M} 
[M] 
M 
o 
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= modulus of elasticity of beam 
moment of inertia of a cross section of beam 
initial value of frictional force ,in suspension spring 
maximum value of F. 
l 
= fundamental natural freCluency of bridge 
= natural freCluency of vibration of a vehicle with a linear 
resistance diagram, in its suspension system 
natural freCluency of vibration of an axle when vibrating 
on its tires alone 
natural freCluency of vibration of an axle ,when vibrating 
on the combi.ned tire-spring suspension ,system 
acceleration of gravity 
length of rigid bars 
= dynamic indeces of, tractor and trailer, respectively, 
defined inEClo 2.10 
= stiffness of suspension springs of vehicle 
= stiffness ,of vehicle tires 
stiffness, of combined tire and suspension spring system 
elastic and inelastic stiffness of beam, respectively 
span length of bridge 
:= dynamic bending moment at joint j 
~ column matrix of dynamic bending 'moments 
= columnma trix of dynamic increments of bending moments, 
defined inECl. 2.20 
= symmetric sCluare matrix of moment coefficients, defined 
in,ECl· 2.7 
column matrix of moments, defined inECl. 2.34 
maximum dynamic moment assuming a perfectly elastic br,idge 
behavior 
m 
m. 
J 
[m] 
N 
N 
cr 
n 
( P} 
(Q} 
R 
s 
t 
6t 
-6-
absolute maximum static moment of the combined weight 
of the bridge and vehicle 
= upper and lower yielding moment levels) same for all 
joints in the beam 
column matrices representing the upper and lower ·yielding 
moments) as shown in Fig. 2.2 
= uniformly distributed mass, per unit length 
= mass concentration at thejth joint 
symmetric s~uarediagonal mass matrix) defi~ed in E~. 2.5 
number of steps of integration 
= minimum .number of steps of integration .to insure convergence 
and stability) see ·Eg. 2.39 
number of flexible joints 
= column matrix of interacting forces between vehicle axles 
and surface of bridge or approach pavement 
column matrix of static reactions of vehi'cle axles 
= column matrix of dynamic increments of interacting forces 
defined in.E~. 2~27 
column matrix of joint reactions). defined in'E~.,2.4 
= displacement coordinate of beam. joint or a' vehicle axle 
= Wv/wb ) referred to as weight ratio 
radii of gyration of tractor andtrailer'masses) respectively) 
about an axis passing through the center of gravity of each 
mass 
= axle spacing fora two-axle vehicle) see Fig. 2.3 
= axle spacings for a three-axle vehicle) see Fig. 2.3 
= Ilfb 
= Ilf 
v 
time 
= time interval, defined in Eqe 2.12 
(u) 
v 
x 
[z} 
a: 
'o(x) , 
(8 } 
(e~} J {G~} 
(ep} 
(~Gp ) 
G 'G I" 2 
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= column matrix of deformations of sU$p~nsion-tiresystem, 
defined in Eq. 2.11 
= speed of vehicle 
= total weight of bridge 
total weight of vehicle 
II sprung!' weight of thetrac,tor or trailer " respectively, 
see Fig'. 2.3 
"unsprung!! weights) as shown in Fig. 2.3 
distance measured from the left support of bridge 
column matrix of dynamic deflections of flexible joints 
= column matrix of value of deflections at ,points of application 
of vehicle a~les 
= column matrix of displacemen~ coordinates of axles of vehicle 
VTb/2L" referred to a's speed parameter 
= coefficient of viscous damping ,for' the bridge,in percent of 
critical ,coefficient 
= yielding factor defined at joint where-No occurs and:it is 
equal: to the ratio 
function representing ,the profile variation of the bridge" 
defined in Eq. 2.44 
= column matrix of the ang~e changes of beam" defined inEq. 2.21 
= column matrices ,representing :the upper and- lower angle changes 
at the yielding condition" respectively 
= collWBmatrix of values of plastic kinks} defined in Eq= 2=3~ 
column matrix of increments of' plastic kinks" defined in:Eq. 2.32 
= angles of phase between the'axles and the 'entrance to the bridge 
F'/P
st ' coefficient of interleaf friction 
x/L 
= fv/fb" referred to as the ,frequency ratio 
-8-
CPt - ft/fb 
CPts ftS/fb 
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.-:2. .METHOD OF ANALYSIS 
2.1 System Considered 
2.1.1 Idealization of Bridge. In this analysis the bridge is 
idealized as a single prismatic beam. The beam is represented by a series 
of rigid bars of equal length, h, connected by moment resistant hinges. or 
joints. Two bridge models are considered according to whether tne mass of 
the system. is taken to be distributed along the rigid bars or whether it· is 
replaced by a series of lumped masses at each joint. For both models the 
same moment-rotation characteristics for the joints is to be used. Thus the 
actual system which has an. infinite nwnber of degrees of freedom is replaced 
by a system in which the number of degrees of' freedom is'. equal to the. number 
of flexible joints considered. 
Bridge damping is assumed to be viscous and in the distributed mass 
model the damping.resistance is distributed along the span as is 4he usual 
assumption in the actual system. .For the concentrated mass model, damping 
is approximated by dashpots placed at the flexible joint,S, each assumed to 
exert a restraining force proportional to the first power of the velocity of 
the corresponding mass. Figure 2.1 shows the'replacement systems for'both 
models for a simple-span bridge. The assumption'used for damping :is considered 
(?, 
adequate 'v; since for the :r:-elatively small amounts present in actual bridges 
the response is not sensitive to the nature of dampingfor~es assumed. 
The mass of the beam is assumed to be uniformly distributed along 
its length, therefore, the magnitude ~f the concentrated mass at a given joint 
is equal to the product of the distributed mass times.the bar·length. For the 
concentrated point mass replacement, the rotary inertia effect of the beam 
-10-
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does not enter in the solution .. For both models the effects of shearing 
deformation and axial forces are neglected. 
The beam analysis is based on an idealized bilinear moment-curvature 
relationship for the moment resistant joints as shown.in Fig. 2.2. The upper 
u £ 
and lower yield moments, M and M , corresponding :te points a and a! , y y 
respectively, represent moments of different absolute value .. The angle changes 
_u d-~ 
corresponding to the above points are indicated by ~ an ~', respectively. y y 
The slopes kl and k2 represent the elastic and inelastic stiffness of the 
beam, respectively. 
Bending .moments are considered positive ·when they produce tension in 
the bottom fibers of the beam.and they are measured from the condit'ion of 
static equilibrium when the beam' is subj ected only, to -its own weight . The 
angle change at.ajointis taken as positive-if the· deflection curve at that 
joint is concave upward. 
Two cases are considered according to the form in which the unloading 
,and further reloading of the system under consideration occurs: (1) bilinear 
inelastic behavior and (2) bilinear elastic behavior .. These are represented 
diagrammatically. in Figs. 2.2a and2.2b, respectively .. The difference between 
these two forms of bridge behavior can be explained considering .the behavior 
of a joint represented by point b on.both diagrams. Assume that at the time 
represented by point b the moment decreases in magnitude. The unloading:path 
for the bilinear inelastic behavior is represented by the line bc which has a 
slope kl and. is thus parallel to the·line oa, as shown. in Fig. 2.2a; for the 
bilinear elastic behavior the unloading path is the· original path of loading 
represented by segmentbaa'f', as shown in Fig. 2.2b .. In .the:inelastic case, 
the maximum possible decrease in moment along ·the unloading'path bc ·is equal 
to the sum of the absolute values of the .upper and. lower 'yieldmoments, MU y 
-- M£ ane. ) y respectively. 
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Further unloading.is along the line cd with a slope 
equal to k2 . A possible path beyond this point is represented by the segments 
de-ef. 
2.1.2 Idealization of Vehicle. Since a single beam-is used as the 
replacement system for the bridge) the width of the vehicle, and consequently 
the effects of rolling cannot be considered. A detailed study of the vehicle 
idealization is presented in Ref. 9 and the essentials will be repeated here 
to point out the similar bilinear behavior found in the vehicle when interleaf 
friction is considered. 
The essential features of a three-axle vehicle representation are 
whown in Fig. 2.30 Also included in this figure are -the two-axle and a single-
axle sprung.load representations. 
Each axle is represented by two linearly elastic springs in series 
and a frictional damping device in parallel with the upper spring. The lower 
spring represents the tire·and the combination of the upper spring with the 
frictional device represents the suspension system .. D:lmping .in the tires is 
neglected and the springs are considered to be·massless. The frictional 
device simulates the effect of the interleaf friction in the suspension system. 
The force-deforrnation.relationship for the damper' is assumed to be of the 
rigid-plastic type with equalyjield levels in either direction of deformation. 
If at. a given time the value of the·frictional forceF in the damper is less 
than the limiting or maximum value, F', tpen the damper 'is assumed to act as 
a rigid link"whereas if F = F', it is considered to offer no resistance to 
deformation. 
Although both springs in the·axle representation are assumed to be 
linearly elastic, because of the interleaf frictional effect in the suspension 
system, the load-deformation relationship -for the axle is not. linear but.is 
-13-
represented by a bilinear diagram of the hysteretic type as shown in Fig. 2.4, 
where P denotes the total load on the axle and uthe corresponding shortening 
of the combined suspension-tire system. In this figure a sketch of the 
relationship between u and the frictional force, F, is included. The forces 
P and Fwill be considered to be positive when compressive and the deformation 
u will be taken as positive when it produces shortening of the spring. 
It is assumed that the value of P at the beginning of loading,P
st ' 
is the static reaction on the axle when the vehicle is at a position of static 
equilibrium and loaded with its maximum rated load. It is assumed that the 
value of the frictional force at the beginning of loading: is eClual to zero. 
As P is increased byP st' the· increase :in load is'· initially 
resisted completely by the frictional mec~~nismand the frictional force 
. increases at the same rate as the load. Accordingly, the initial paths of the 
P-u and F.,.u diagrams are parallel and the deformation o.f the· tire spring 
.increases linearly, while ,the suspension spring remains 'locked. ,The stiffness 
of the system y represented by the slope of the'paths oa, is equal to the 
stiffness of the tires,.kt . This relationship continues until the frictional 
force reaches its, maximum value F'. ,At ,that instant the suspension spring 
engages, and the effective stiffness of the axle is eClual to the stiffness kts 
of ' the combined tire-suspension ' system acting'in series, where 
(2.1) 
and k denotes the stiffness of the suspension spring. The slopeab,of the 
s 
P-u diagram is eClual to the stiffness kts . If at the loading corresponding 
to point b bnthe, 'dia.gr~ms; (the dire:ctibu_',of ,loading,;Ls.:.revers.ed,,' the,tire' 
spring rebounds elastically, but the suspension spring remains locked since 
the decrease in load would be resisted entirely by" friction. The frictional 
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force will then decrease at the same rate as the load, and. the unloading paths 
bc on both P-u and F-u diagrams will be parallel to the initial loading pathsoa. 
This relationship continues until the·load is reduced.by 2F' and at this instant, 
when the frictional force attains its limiting value·in the negative direction, 
the suspension spring engages again. A possible path beyond this point is 
represented by the segments cd-de-ef-fg . 
. Throughout this presentation the terms "bridge" and IIbeam,lI and the 
terms Ilvehicle li and "1oadll will be used .interchangeably. 
202 Equations of Motion 
2.2.1 Displacement Coordinates. The flexible joints are· numbered 
in increasing order starting ·with.zero at the left support and terminating 
with n+l at the right end, as shown in Fig. 2.1 .. The number of interior joints) 
which is also eqllal to the number of degrees of freedom of the ·beam is then n. 
The rigid bars between joints are numbered in the same order from:l to n+l, 
with the bar between joints j-l and j ,designated as the jth bar. The total 
length of the beam is designated byL .. The vehicle is assumed to move from 
left to right,.and its axles are numbered from 1 to 3 starting:with the front 
axle. 
The beam configuration at. its position of static equilibrium, when 
subjected only to its own weight) is specified by. the functiond(x). This 
function represents the deviation of the beam surface from a .horizontal line 
passing through the point on the bridge surface ·directly over the left hand 
abutment. This deviation maybe due to the· following factors: .dead load 
deflection, initial camber, grade, roadway. unevenness or any combination of 
them. The value.of d(x) is positive upward. 
The configuration of the· loaded beam at any time is specified by the 
deflections of the flexible joints) y.. These deflections are· measured from 
J 
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the static equilibrium position of the beam) when acted upon·by·its own weight 
and are positive when downward 0 
The configuration of the vehicle is specified by the vertical dis-
placements of the points of support of the sprung masses) z.. These displace-
l 
ments are measured from the static equilibrium positions of the axles when the 
vehicle is supported on a horizontal plane passing through the left beam 
support) and they are positive when directed downward. 
The forces which the axles of the·vehicleexert on the bridge will 
be referred to as the interacting forces) and will be considered to be positive 
when downward 0 The term reaction will refer to a force exerted by a support 
on the beam" and is taken to be positive when upward. 
20202 Equations of Motion for Beam. Let P. denote the interacting 
. l 
force corresponding to the ith axle. The equation of motion for the jth 
flexible joint for the two beam idealizations (models) under consideration 
maybe expressed as follows: 
For the distributed mass model 
~ (00 400 00 ) ch (.D. 4' 0 ) 
""6 Yj-l + Yj +Yj +l .+ b Yj - l + Yj + Yj+l 
1 
h (Mj _l - 2Mj .4 Mj +l ) + Qj 
. (2.2) 
wherem dEmotes the uniformly distributed rnassper unit . length, and c is the 
damping coefficient per unit length. 
For the concentrated mass model 
where m. denotes the jth concentrated mass).and c. denotes the damping 
J J 
coefficient for the damper at the jth joint. 
The above equations are valid for any point on. the moment-curvature 
diagram shown in Fig. 2020 In both Eqs, 202 and 2.3 a dot superscript designates 
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one differentiation with respect to time. The quanti tytM . ,denotes the moment 
. J 
at the jth joint) and h indicates .the bar length. 
The quantity Q. is defined as shoWn below 
J 
where x. and x. 1 are the position coordinates forthe·P. and P. 1 axles, 
l l+ l l+ 
(2.4) 
respectively .. Equation 2.4 is valid only if the spacing is such that both 
axles can be on adjacent panels simultaneously. For example, when s > 2h for 
a two-axle vehicle only one term in the above equation would be retained. Of 
course, for a three-axle v.ehicle with sl + s2 < 2hthree terms would appear in 
'Eq. 2.4. The quantity Q .. is referred to as the joint reaction and is considered 
. J 
to be positive when upward. 
The first termon the· left-hand member of Eqs. 2.2 and 2.3 represents 
the inertia. force of the mass,the second term represents the damping force, 
and the remaining two terms represent the resisting.force exerted on. the mass 
by the beam. The first term on the right-hand member of these equations gives 
the component of the total force induced by the bending ~oments, acting at the 
joint under consideration and the adjacent joints'on each s:f..de. The last 
term Q. gi yes the component of the total force .induced by the. interacting 
J . 
forces acting on the two panels intersecting·at.the· joint under consideration. 
By application of Eqs. 2.2 or 2.3 to each flexible joint of the 
corresponding :bridgemodel, one obtains as many equations as there are degrees 
of freedom for the beam. Using matrix notation, . these,equations, can be 
written as follows: 
[ill ]( y} + [c ] (y} = [ M H M} + (Q) 
where the terms (y}, (y), (M) and (Q) are, respectively, column matrices of the 
-17':' 
accelerations, velocities, moments and joint reactions of the·deflecting joints. 
The arrays em] and [e] denote the mass anddampingrnatrices. ,Note that these 
are square symmetric matrices and for the distributed mass model are proportional 
to the matrix 
4 1 
1 4 1 
(2.6) 
1 4 1 
1 4 
by the factors rrth/6 and tm/6, respectively., ,For the concentrated mass model, 
[m] and [c] are diagonal matrices of the:concentrated masses and coefficients 
of damping" respectively. 
The moment matrix [M] is a sq,uare symmetric matrix and' is proportional 
to the matrix 
-2 ,1 
1 -2 1 
1 -2 1 
'1-2 
2.2.3 ECluations of'Motion foJ:' Vehicle. ,Let. (Pst) denote the forces 
exerted by the axles when the vehicle is in its position of static eCluilibriumo 
Using matrix notation" the equations of motion of the vehicle can be stated(9) 
in terms of the changes ,in the interacting forces (p - ,P ) as follows: 
st 
[A] (ZO} 
where g denotes the gravitational acceleration" W Cie,notesthe total weight of 
'v 
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tpe vehd:.cle, and [AJ is a square symmetric matrix of dimensionless coefficients 
given by the following expr~s s ions: 
With the exception of i l and i 2 ) the various symbols appearing in these 
equations are defined in Fig. 2.3. The quantities il,and i2 are referred to 
as the dynamic indices of the tractor and trailer) respectively J and are 
defined by the equations 
and. (2.10) 
where Tl is the radius of gyration of the tractor mass about an axis passing 
through the center of gravity of this mass) and r 2 is the corresponding quantity 
for the trailer mass. ,The quantities sl and s3 are indicated in Fig. 2.3· 
Note that the order of matrix [A] and that of the column vectors 
indicated in Eq. 2.8 is equal to the number of axles of the vehicle. 
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2.2.4E~Aations of Co~straint.The set of simultaneous, second 
order differential equations obtained by application of.Eqs. 2.5 and 2.8 
represent as many equations as there are degrees of freedom for the bridge-
vehicle system. However, since at this stage the interacting forces [P} are 
still unknown, the number'of unknowns involved is greater than the number. of 
available equations. In order to completely define the problem, ,the necessary 
additional equations are obtained using the force-deformation relationship for 
the vehicle axles. 
The deformations for the axles, [u}, are given by the expression 
. (u} = ( z} + ( d.p } - [y p: } (2.11) 
where as previously defined, a positive value of a component of [u} corresponds 
to a shortening of the spring, (z) are the coordinates of the axles, Cdp }, 
denotes the ordinates of the bridge profile variation, d(x), at the points of 
application of (P}, and [Yp} denotes the instantaneous value of the deflections 
of the.beamat those same points. 
For a given position of (P}, the corresponding value of (~J . in 
Eq. 2.11 can be obtained from the prescribed function d(x). The deflection 
[Yp} is easily determined by a linear combination of the end displacements of 
the rigid bar on which each load. is acting. 
It must be .noted that the deflections (~p} and, consequently, . the 
axle deformations (u} from which the interacting.forces are to be evaluated, 
are still expressed as a function of the unknown interacting forces (P}. 
Furthermore, the.P-u relationship for each axle is nota single but a multi-
valued function and so the interacting :forces (P} cannot be expressed explicit-ly 
as functions of time. However, the equations of motion can be solved conven-
iently by a numerical method of, integration. The details of th'is procedure are 
describ~d in Art. 2.3. 
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-2.2.5 Summary. The behavior of the bridge-vehicle system is specified 
completely by: (1) the bridge equations of motion". Eq. 2.5" (2) the vehicle 
equations of motion). Eq. 2.8, (3) the constraint.Eq. 2.11 and (4) the force-
deformation relationship for each axle. These equations can be applied to con-
tinuous bridges with any number of spans) simple-span bridges or cantilever 
bridges .. The rigid bars of the bridge idealization must be of equal length, 
but there is no restriction placed on the number of flexible joints for either 
of the two models. The flexural rigidity of the cross section of the beam may 
vary from one point to the.next or within any given panel .. The formulation of 
these equations can be extended without difficu~ty to the case of bars of 
unequal lengths and for any mass distribution. The load unit may have from 
one to three axles) and if more ;:Load units are to be considered) this can be 
done by adding an equation of the form of Eq. 2.8 for each additional vehicle. 
2.3 Integration of Equations of Motion 
2.3.1 General. The differential equations of motion of the system 
are integrated numerically using a step~by-step method. .In this procedure the 
evaluation of the interacting forces (P} constitutes a major intermediate step . 
. The time required for the vehicle to cross the. bridge is divided into intervals" 
6t y and the equations of motion are satisfied only at particular instants. 
Let it be assumed that at a certain time tthe values of all dis-
s 
placement coordinates of the system and of their first two derivatives are 
known, . and that it is des ired to evaluate the corresponding values at time 
t . = t + At 
s+l s (2.12) 
In the method used) it is necessary first to make an assumption.regarding·the 
manner in which the acceleration of each coordinate varies within the time . 
interval. In the present study two different procedures are considered: 
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In the First Procedure a.linear variation of the acceleration within 
At is assumed. For future reference this procedure will be referred to as 
Procedure 1. 
With this assumption, the velocity and displacement at time t 1 can 
s+ 
be expressed in terms of the known acceleration, velocity and displacement at 
time t and the un~own acceleration at t 1 by application of the eqUations(12) 
s s+ 
( e ) ( .) +! 6t (eq") s 1 6t {O.} q s+l = q s 2 + 2 q s+l (2.13a ) 
(q) 1 = (qJ + 6t Ut) + -31 (At)2(Ci) . + .~ (6t)2(q) 1 
s+ s s s 0 s+ (2.13b) 
in which the column vector (q}may be interpreted either as the joint displace-
ments, Y., or as the angle displacements, z.o A dot superscript denotes one 
J l 
differentiation with respect to time, and the subscripts sand s+l indicate 
quantities corresponding to t . and t l' respectively. Next,. the unknown 
s s+ 
accelerations at the end of the time interval are evaluated by satisfying the 
equations of motion at time t 10 In order to obtain the unknown accelerations 
s+ 
of the beam coordinates at time t
s
+l ' it is advantageous to modify the equations 
of motion, Eq. 2.5, by substituting ~Eq. 2.13a into these equations. Substitu-
tion and rearranging of terms yields 
(2.14) 
where cl and c2 denote constants and [0] is a matrix, defined by the expressions 
c 
m 
Cl = 1 + .6t .£ 
. 2 m 
[ 0] 1 
and 
-1 Em] 
At c 
2 m 
1 + At .£ 
2m 
(2.15) 
-1 
where Em] denotes the inverse matrix of Em]. It must be noted that although 
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the form of .. ·Eq. 2.14 is the same for both bridge models" the quantities cl " 
c2 and [':C] have different ·values·in each case. 
An iterative procedure is used to evaluate the accelerations" 
velocities and displacements of the coordinates of the system at the end of a 
time interval. The details of the procedure are the following: 
(1) 
(2) 
Define the position of each axle on the bridge at time t 1. 
s+ 
Obtain a first approximation of the accelerations. (Y}s:+l at the 
end of the time interval by application of Eq. 2.14, assuming that the moments 
(M}s+l at time ts+l are the same as those at the beginning of the interval" 
(M} , and evaluating the joint reactions(Q} 1 at t 1 using the values of (P} 
s s+ s+ 
corresponding to the beginning of the interval. For the vehicle coordinates, 
assume that the accelerations (zJ
s
+l are the same as those at time t s " (z}s. 
By application of Eqs. 2.13a and 2.13b determine approximate values for the 
velocities (y} 1 and (z} l' .. and for the displacements (y} 1 and (z} 1· 
s+ s+ s+ s+ 
Evaluate improved values of the accelerations LV} 1 and 
s+ 
[z} 1 by proceeding as follows: 
s+ 
(a) Using the latest values of displacements (y) 1 and 
s+ 
(Z}s+l obtained·for the first iteration from step 2 and afterwards from step 3c) 
compute values of the moments' (M} 1 and the interacting forces· (P) l' at the 
s+ s+ 
end of the time interval. The steps involved in these computations are described 
in detail in Arts. 2.3.2 and 2.3.3" respectively. 
(b) From Eqs. 2.14 and, 2.8 compute improved values for (y) 1 
s+ 
and Cz} I' respectively" always using the latest available'values of moments 
s+ 
(M) I" interacting forces (F) I' and joint reactions (Q) 1 at the end. of the 
s+ s+ s+'
time interval. 
(c) Applying.Eqs .. 2.13 to the accelerations determined in step 
3b, compute the corresponding values for the velocities (y) 1 and(z} 1" and 
s+· s+ 
for the displacements. (y) s+l and. (z} s+l" 
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(4) For each coordinate of the system, compare the newly derived 
value of displacement with the previously available value. If the difference 
between these two values for anyone coordinate exceeds a prescribed tolerance, 
repeat step 3 until all the differences are less than the prescribed tolerance. 
In the Second Procedure, hereafter referred to as Procedure 2, the 
solution is computed without iterations .. The acceleration is expressed as 
the second difference of the displacement,.and is expressed by the equation 
(ci) = 
. s 
(q}s+l - 2(q}s + (q}s-l 
(At)2 
The velocity is expressed as the first difference of the displacement 
(2.16a) 
(2 .16b) 
where(q} has the same definition as before. In this method the displacement 
coordinates of the system at the end of the·time interval are obtained 
directly in terms ofknoWD. quantities, as follows: 
The equations of motion of the system are satisfied at the beginning 
of the time interval by substituting·Eqs. 2.16 into the equations of motion of 
the model,.Eq. 2.5, and also into the equation of motion for. the·vehicle, 
Eq. 2.8. Rearranging terms, the following expresslons are obtained for the 
bridge and Vehicle: 
* * (y) 1 = c3 (y) 1 + c4·· (y) +. [C][M]{M} + [C] (Q) s+ s- s . .. s··s 
and 
..£. -1 
- (zJs _l + 2(z}s -.W [A] (P - ·pst } (2.18) 
v 
* where as before c3 and c4 denote constants, and [C ] is a matrix, defined by 
the equations 
* [C ] = 
1 _ 6t £ 
2 m 
. 1 6t c +--2 m 
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and 
(6t)2 [m]-l 
(1 + 6t ~) 
2 m 
2 
6t c 
1 + 2m 
(2.19) 
-1 -1 
where em] and [A] denote the inverse matrices of em] arid [AJ} respectively_ 
Once the position of each axle on the bridge is defined at time t l' 
s+ 
application of Eqs. 2.17 and 2.18 yields displacement coordinates (y) 1 and 
s+ 
(z) 1 at the end of the time interval in terms of quantities known at times 
s+ 
t
s
_l and ts. Thus, these quantities are obtained directly without iteration. 
The computations of the moments (M) 1 and interacting forces (F} 1 at time 
s+ s+ 
t 1 are described in detail, ,respectively, in the next two articles. 
s+ 
2.3.2 Evaluation of Bending Moments. The bending moments (M) 1 
s+ 
at time t 1 may be written in the form 
s+ 
(M}s+l = (M}s + (eM) (2020) 
where (8M} denotes the increment in moment at the flexible joints from t to 
s 
t 10 ,This increment (6M) may be evaluated as follows: 
s+ 
. Evaluate the angle changes (B}s+l at time t
s
+l by means of the 
geometrical relationship 
where [Bl ] denotes the symmetric square matrix 
2 =1 
-1 2 -1 
-1 . 2 -1 
-1 2 
(2.21) 
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and [y} 1 are the displacement coordinates at t l' obtained either from step 2 
s+ s+ 
or step 3c for the iterative Procedure l,or obtained directly in the case of 
Procedure 2. 
At this stage a distinction must be made for the two types of bridge 
bilinear behavior shown in Fig .. 2.2: 
(a) For the case of the bridge bilinear· inelastic behavior, . as 
represented in Fig. 2.2a, consider a point on the·M-B diagram for the joint 
under consideration andassume.that it represents the conditions of that joint 
at time t. Imagine a straight line passing through this point parallel to the 
s 
initial. loading :line oa. u i Let e. and B. represent the abscissas of the J,s J,s 
points of' intersection of this line with the upper and lower ·bounds of the 
diagram, lines af and fYc, respectively. u !L With the values of B. ,e. and J,s J,s 
e . 1 available for all joints, . the change in . moment (LNYI} is de(t~rmined from 
J, s+ .. 
the following criteria: 
If e: < B. 1 < e~ ; J,sJ,s+J,s 
u If B. 1 > B. ; J,s+ J,s 
!L If B. 1 < B, ; J,s+ J,s 
BM. 
J 
LNYI • 
J 
lL (B- B. ) ~-l,j j,s+l J,s 
k_ . ( e ~ '. - B. ). + k2 . ( B . 1 - e~ ) -~,J J,s J,s. ,J J,s+ J,s 
fM. =k_ . (e : -B. )"+ ~2 . (B . l' - B: ) J ~~,J J,s J,s . ,JJ,s+ J,s 
(2.23a) 
(2.23b) 
(2.23c) 
where lL . and k2 . are the stiffness values for the jth joint,. and represent -~, J . ,J 
the slopes of the lines indicated in Fig. 202. 
u The values of the upper and lower limiting angle changes.' (B} and 
i (B } may ohange from one integration step to the next, and also from one cycle 
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of iteration to the next in the case of Procedure·l. For condition 2.23a, 
the limiting values of these angle changes at time t 1 are the same as those 
s+ 
at time t , whereas for the last two conditions these limiting values differ 
s 
by the amount 
in the case of increasing curvatures, (B) > (B) and 
s+l _ ,s' 
( B ) s+ I - ( B £ ) s 
in the case of decreasing curvatures" (B) I < (8) . 
s+ s 
(b) In the case o'f the bridge bilinear elastic behavior, the 
corresponding diagram is shown in Fig. 2.2b. The condition that must be 
(2.24a) 
satisfied at all times is that any point on theM-B diagram, for the joint 
under consio_eration, must be on the original diagram represented by the 
segments f'aY-aYa-af. Therefore, .the angle changes f8} I at t I are compared 
. ~ s+ s+ 
----w-ith--the~ eGr±,esI1enGl.4ng-·uE>I1eJ?--·a:adJ.:ow·er-in-i~t-ia±-y-;i;eJ.:d--l-imi-t-s·-{B-y.-J--and-:-c-BJJ,--- ._----- .. ~----~.-y . y 
respectively, obtained from the equations 
(2.25a) 
and 
(2.25b) 
where [Mu] and (Mf) are the yield moments indicated in Fig. 2.2b. ~_The change y y 
in moment (6M) is obtained from the following relationships: 
If B£ . < B. < eU • and Y,J J,S - 'y,J 
L:M • 
J 
k . . (B. - B ) I,J J,s+l j,s (2.26a) 
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~, =.le ,( eU . - e. ) + k 2 · . (e . 1 - e
U 
.) J -l,J Y,J J,s ,J J,s+ Y,J {2. 26b) 
£ e, 1 < e ; J, s+ y, j 
(2.26c) 
If' e . > e U and J,s y,j 
~. =k_ . (e . 1 - eU .) + k . (eu . - e. ) J ~l,J J,s+ Y,J 2,JY,J J,s 
e . > eU , j,s+1 y,j' 
&.1, =k2 ,(e. I-B. ) . J '.., J J , s+ J , s (2.26e) 
-~.-... ----...... - ..•. _ .. _ •.. __ ...... _ ...•. _ .... _._ ... _- .. _._ ..... _ ..... _._-_ .. _ .•.. _ ...•.•.. _ .....•. _._._ .. --_ ... _ .... _ ...__ ...... _ ..... _ ......... _ ....•. __ ._ .. _.-.......•...•... -~ ..••. - ........ --- ...... _ ••..... _ ...... _ ... _ ......... _._ ....•.. __ ...• _ ....••..............••...........••.. 
!L e. 1 < e .; J,s+ Y,J 
~, = k2 ,.( eU , - e, ). + k.l . (e!L . _ eU .) 
J . ,JY,J J,s ,J Y,J 'Y,J 
(2.26r) 
+k .(e. _e!L '.)' 
2,J J,s+I' Y,J 
If' ·e , < e!L . and 
J,s y,J 
e!L< e < eU • 
y,j j,s+I·- y,j' 
.0M = lc . (e . - e!L .). +. k . (e!L . - e. ) j ~l,J J,s+1 Y,J 2,J y,J J,s (2.26g) 
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e > eU • 
. 1 ., J,s+ Y,J 
tM. 
J 
(2.26h) 
+ k2 . (e. 1 - eU .) 
,J J,s+ Y,J 
!L 
e. l<e .; J, s+ Y, J 
&1. 
J 
k 2 ·(e. 1 - e . . ) ,J J,s+ J,s 
The moments (M) 1 at t 1 can now be obtained by application of 
s+ s+ 
Eq. 2.20. 
2.3.3 Computation of Interacting Forces. A procedure similar to 
that described for the determination of the bending moments is used to evaluate 
the interacting forces. 
- --']he inteI'a-Gting-~foI'-ce-s (P)-- -a tthe--end of -the -timein-terval-may--
.sB . 
be written in the form 
where (6F} denotes the change in interacting force between the times t and 
s 
ts+l and may be evaluated as follows: 
Evaluate the deformation of the axles at t 1 by applicat.ion of 
s+ 
Eq. 2.11. The values of the terms on the right-hand side of this equation 
correspond to time t 1. In particular, . the values of (z) 1 are obtained 
s+ s+ 
from step 2 or step 3cfor the iterative,·Procedurel,. or obtained directly 
as .. in the cas e of Procedure· 2. The quantities (dp ) s+l are determined .from the 
bridge profile variation, d(x),.and the values of the beam displacements under 
·the loads, (Yp}s+l' are computed using the latest available values of the dis-
Placements· (y) s+l' 
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Next, on the·P-u diagram shown in Fig .. 204, consider a point assuming 
that it represents the condition of the axle under consideration at time t . 
s 
A straight line through this point,parallel to the initial,por.tion of the 
diagram oa, intersects the upper and lower bounds of the diagram at points with 
abscissas denoted by u~ and u: ,respectively. With the values of u~ , 
l,S l,S l,S 
u: and u. 1 available, the change in the interacting force [8P} is obt~ined 
l,S ·.l,S+ 
using the following Telations 
2. u If u. < u. 1 < u. ,; 
l,S - 'l,S+ l,S 
Ifu >uu. 
. 1 ., l,S+ l,S 
8.P. 
l 
k t . (u., 1 _·u. ) ,l ·l, s+ . l, S 
8P. = k t . (1i~ - u. ) + k t . (u. 1 - u~ ) l , l l, S l, S S -' l l, s+ ' l, S 
2. ~f u. 1 < u ,; 
l,S+ i,s 
LP. 
l 
where kt . and .. kt . denote the stiffness properties of the ith axle. ,l S,l 
(2028b) 
(2.28c) 
As outlined before, ,the values of the upper and. lower limiting 
deformations., [uu} and [u£}, ,may change from one integration step to the next, 
or from one cycle of iteration to the next •. For condition 2.2&, . the limiting 
values of these deformations at t 1 are the same as ·those corresponding tot 2 
s+ s 
whereas for conditions 202& and 2.28c these new.limiting values differ ,from 
those at t .by the amount 
s 
in the case of increasing . load, {u} 1 > [u} , and 
s+ s 
(2029a) 
-30 ... 
(2. 29b) 
in the case of decreasing load, (u} 1 < (u) . 
s+ S 
2.3.4 Special Cases. The procequres just described represent two 
variations of one of several methods available for solving the problem. The 
approaches described in 'tbe following are of interest for study of two limiting 
cases of the bilinear response, i.eo; the elasto-plastic and' the perfectly 
elastic. 
,Elasto-Plastic Behavior. In the analysis of an elasto-plastic beam, 
a method termed the "predictor-corrector lf type(1,4) is available, developed by 
Bleich. This method is characterized by a solution written in two parts .. The 
first part represents an elastic solution which satisfies the equations of 
motion but which may not satisfy the material properties, i.e., . the bending 
:moments obtained are larger than the limiting moments. The second part repre-
sents the corrections necessary so that the system satisfies both the equations 
of mot.ion and the material properties. 
Consider Procedure 2, in which the acceleration.is expressed as the 
second difference of' the displacement) .. and where the differential equations 
of motion of the system are expressed by Eqs. 2.17 and 2.18. 
The determination of the moments (M) 1 at t 1 is modified in the 
s+ s+ 
"predictor-corrector" solution and proceeds as follows: 
(a) If the behavior ·is in·the 'elastic range only 
(M} s+l 
where [BI ] is the matrix shown in Eq~· 2.22, Eis the modulus of elasticity of 
the beam and I denotes the moment of inertia of a cross sect.ion of the beam. 
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(b) If the behavior·is in both the elastic ~nd the perfectly plastic 
ranges 
where (ep} 1 indicates the plastic kink at t 10 For any point on the·M-e 
s+ s+ 
diagram, the plastic kink is defined as the value of the e-axis intercept for 
the inclined line parallel to the initial loading'line which passes through the 
point under consideration. The plastic kink .. (Bp} 1 is. obtained using an 
s+ 
incremental procedure and is expressed by 
(ep} s+l = (Bp} s + (AepJ 
where (~ep} denotes the increment in the plastic kink fromt to t 1" 
S s+ 
The moments '(M} 1 and the increment. in plastic kink (.&.ep} are : related 
s+ 
by substituting ·Eq. 2.32 into Eq. 2.31 to give 
For simplicity let 
(} EI [ ] ( ·EI ( Me s+l = h2 BI Y}s+l - 11 8p}s (2.34) 
Using the condition that in the plastic stage the moments (M} 1 are equal to 
s+ 
the yielding moments" the increment in plastic kink for the jth joint, '&'Bp., 
. J 
can be obtained from the relations 
IfM£ . < Me < MU • y,J -. j"s+l y,jJ 
.&.ep. = 0 
J M. 1 =Me 1 J, s+ j ,5.+ 
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6Bp. = EhI (Me. 1 - _Mu .) J J,s+ y,J 
h ' f. 
6Bp. = EI (Me. 1 -M . ) J' J,s+ y,J 
f. 
M. 1 = M . J J s+ Y J J, 
The details of the method, hereafter referred to as Procedure 3, are 
summarized as follows: 
(1) Define the position of each axle at time t 1 by application of 
s+ 
Eqs. 2017 and 2018 and evaluate the displacement coordinates (y) 1 and (z} 1 
s+ s+ 
at the end of the time interval) in terms of, quantities known at times,t
s
_l 
and t . 
s 
(2) Evaluate (Me)s+l by application ofEq. 2.34. It is obvious that 
in the elastic range the plastic kink (ep) is identically zeroo 
With the quantities (Mu};I (Mf.} and (Me} 1 available, the y y s+ 
moments {M} at t 1 and the increment in plastic kink (6ep) may be obtained 
. s+l s+ 
by application of the conditions given in Eqso 2035. 
(4) The procedure for the computation of interacting ·forces (P} '1 
s+ 
at t 1 is the same as described in Arto 2·3·3. 
s+ 
Elastic'Solution. Note that an elastic solution can be obtained 
using any of the described methods; if the limiting ,yield moments are of such 
magnitude that the dynamic response remains elastic at all times. However, 
the equations of motion of the system may be specialized for the elastic con~ 
dition~ This has been done for Procedure 1. 
Consider the equation of motion for the bridge"Eq. 2.14, and 
substitute the moments (M) 1 given by Eq. 2.30. The equation obtained 'includes 
s+ 
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the deflections (y} 1 at t 1" and these deflections may be, replaced by the 
s+ s+ 
expression given in Eq. 2.13b. The result is as shown below 
where the matrices [Di ], [D2], [D3], and [Cl] have different values for each 
bridge model and are defined by the following expressions: 
2 
[ell ([ml + 4>; [el - (&g) [M][ B1 l)-l 
[DiJ [Ci ][MJ[ Bl ] 
( &t [M][llll - [cl ) 
:, 2 V&;) [M](Bll ~ "': [e l ) 
The application of Eq. 2.36 is ,of advantage when the interacting 
forces are known asa function of time, that is, when (Q) 1 can be computed 
s+ 
directly as in the case of moving constant forces or moving sinusoidal alter-
nating,forces. When, (Q} 1 at the end'of the time interval is determined' 
s+ 
directly, no iterations are required in the numerical',integration procedure. 
The details of the method are as follows: 
(1) 
(2) 
Define the position of each axle on the bridge at time t l' 
s+ 
By application of;Eq. 2.36 and Eqs. 2.13 determine the values 
of (y} l' (y} I;' and -LV} 1 at time t I" s+ s+ ' s+ s+ 
(3) Finally, the moments (M}s~l at ts+l are evaluated by applica-
tion of Eq. 2.30. This procedure will be referred to as Procedure 4. 
2'.3.5 Time interval of Integration. The time interval of integration 
used should be sufficiently small so that successive cycles of integration con-
verge in the case of iterative procedures and the resulting solution ,is stable 
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and accurate in all the procedures considered. To insure the convergence and 
stability of the different procedures the following values have been 
established: (12) 
Procedure Condition Interval 
1 Conv. and stability 6t S 0.389 T 
2 stability &t S 0.318 T 
3 stability bt S 0·318 T 
4 stability bt S 0.551 T 
(2.38a) 
(2.3&) 
(2 .3c)c) 
(2.38d) 
where T is the shortest natural period of vibration of the system. The system 
is the beam-vehicle combination, and the periodT, which strictly speaking 
depends both on the position of the vehicle on the span and also on whether its 
suspension springs are engaged or not, may be taken equal to the smallest 
natural period of the unloaded beam. The natural periods of vibration for the 
bridge models are the fOllOWing:(8) 
For the distributed mass model 
T. 
l 
(4 + 2 cos i~ )1/2 fi:4 
n + 1 . mh i~ ~\6EI 
1 - cos _ n-+ 1 
For the concentrated mass model 
T. 
l 
1 
i~ 1 - cos 
n + 1 
where the subscript i refers to the order of the natural frequency considered. 
It is convenient to express the critical integration.interval At in 
terms of the total solution time,. i.e., the time reca.uiredfor the vehicle to 
cross the bridge, and a corresponding total number of integration steps,. N .. 
.. cr 
It may be shown that 
N = 
cr 
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where Tb represents the fundamental period of vibration of the bridge and the 
axle spacings sl and s2 and the speed parameter 0; are described in section 2.4.3. 
It is assumed that the ttme interval between successive vehicle positions, 6t, 
is constant and that the criteria for convergence and stability. is independent 
of the condition of the vehicle and of its' posit.ion on the beam. 
It must be noted that a stable solution does not insure accuracy. As 
a rule, the ttme interval of integration should·be kept less than about 2/3 of 
the value gi~enbyEqs. 2.38. 
2.4 Problem Parameters 
The parameters of. the problem .can conveniently be SQ~arized in the 
following groups. 
2.4.1 Bridge Parameters. These express the geometrical and physical 
characteristics of the beam,. and include the ·number of joints 'and the· bridge 
length, ,the flexural rigidity, mass and damping coefficients for the beam. 
The damping can be expressed by the dimensionless damping factor t\,' which 
represents the ratio of the damping force per unit of'length per unit of 
velocity, divided by the critical damping coefficient corresponding :to·the 
fundamental mode ·of vibration of the bridge·. 
The parameters needed to specify the 'bilinear behavior are the UlJper 
* * and lower -yielding· levels , ,M and: M. n , respectively, expressed in terms' of 
'.' . y y, x. 
* the. absolute maximum s ta tic '. moment of the combined dead and ·li ve ·loads, M t" 
, s 
. and. the slope ratio for the M-Bdiagram for the beam, k2/~' The moments are 
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evaluated only at the positions where the. flexible joints are located and 
are measured from the position of static e<luilibrium for the bridge·. 
2.4.2 Vehicle Parameters. These . include the geometrical and 
physical ~roperties of the vehicle, such as the weight of the truck, distribu-
tion of static load to the axles and the rota~J moments of inertia as defined 
in Fig. 2.3. The frictional damping of the vehicle is specified by the 
coefficient of interleaf friction, which for the ith axle is defined as 
Il i 
F! 
l 
Pt·· s ,l 
(2.40 ) 
whereF! denotes the limiting frictional force and·P t . is the corresponding 
l s ,l 
.static reaction on that axle. 
204.3 Bridge-Vehicle ·Parameters. These include: 
(a) The o.imensionless speed parameter, ex" defined as 
(2.41) 
whereTb denotes the fundamental natural period of the bridge model, v is the 
vehicle speed,; assumed to be constant, and Lis the span length of the bridge. 
(b) The ;;'leight ratio parameter, R.1 -, defined ,as 
(2 ... 42) 
where :W
v
'· is the total weight of the vehicle, and Wb is the total weight of the 
bridge 0 
(c) The frequency ratios CPt and;CPts for each axle, defined as 
f t . 
- .~ CPt . - f 
,l b 
and 
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where fbis the fundamental natural frequency of the bridge" and ft"i and 
f t . denote, respectively" the frequency of the·axle vibrating on its tire S,l 
alone, and on the combined.tire and suspension spring system. 
(d) The dimensionless axle spacing parameters, sIlL and s2/L, 
where 8 1 and s2 are the axle spacings of the vehicle, as shown in Fig. 2.3. 
(e) The profile variation funct·ion, o(x)" defined as 
5(x) d(x) (2.44) 
P t' ./kt , . s "l' "l 
where the denominator represents the static deflection of the ith axle, computed 
on the assumption that the suspension spring is blocked. 
2.4.4 Initial Condition 'Parameters. These parameters descrihe :the 
conditions of the bridge-vehicle system at the· instant that the front axle· of 
the vehicle enters the span. The condition of the bridge is specified b~-
initial values of the displacement and velocity of each joint".and the condition 
of-the vehie-le is- spec-tf±ed-interms-:-of-the· in-it-ial- values-of the-:-interacting-· . 
. force, the rate of change of the: interacting ·force".and the limiting :frictional 
force for each axle. 
3. COMPUTER PROGRAMS 
301 General 
The procedures described in the previous chapter have been programmed 
for the IBM 7094-1401 computer at the University of Illinois. The programs have 
been developed for the case of a simple-span bridge. The vehicle is assumed to 
have either one) two or three axles and it is possible to uncouple the effect 
of the axles and consider the case of three single-axle loads) or a two-axle 
vehicle followed or preceded by a single-axle load. .An arbitrary limit has 
been set on the number of flexible joints and the programs can consider a 
maximum of 15 joints. 
In addition to the problem parameters given in section 2.4) the input 
data for the program must include the total number of integration steps and 
the number of steps between print-out of data. 
To represent the situation where the weight of the bridge is to be 
neglected a provision is made to set the inertia forces in the bridge equal 
to zero when the value of the weight ratio) R) exceeds 10. 
The computer program output includes: 
(1) A listing of the input parameters to identify the problem and 
also a listing of the initial conditions. 
(2) The value of the static axle-loads in terms of thetdtal weight 
of the vehicle. 
(3) The maximum static effects, that is) maximum support reactions, 
maximum moment and deflection at each joint due to live load (vehicle)) and 
maximum moment of the combined live and dead load. 
(4) The upper and lower yielding -moments and the corresponding 
values of tbe angle changes. 
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(5) At any step of integration where output is specified, the 
following 'is printed: 
(a) The step number. 
(b) The value of the plastic kink for each joint. 
(c) The support reactions: dynamic, static and the correspondirrg 
difference called the dynamic' increment. 
(d) The value of the interacting forces. 
(e) The value of moments and deflections. at each joint: total 
dynamic, . total static and the dynamic increment. 
The quantities in items c, d, and e above are printed out in terms 
of W .7 WL and W'L3/EI, respectively, and in a normalized form by dividing the 
v v v 
quantities by the corresponding maxtillum static values. 
(6) At the end of the computations. the maxtillum dynamic effects, that 
is, support reactions, moments, deflections and the maxtillum dynamic increments 
of the same quantities, and also the maxtillum values of the interacting forces 
are printed. These quantities are expressed in both forms as described. in the 
preceding paragraph. .Also the number of cycles of iteration· required for the 
complete solution of the problem, the joint and the step whereplastfcity first 
developed and the value of the plastic kink at that step are printed. 
All programs are developed for both bridge models unless otherwise 
specified . 
. 3.2 Description of Programs 
~ general flow diagram for the programs ·is shown in Fig. 3.1 and 
additional detailed flow diagrams ·for the· various computational procedures are 
shown in Figs. 3.2 through 3.6. The operations involved and the·limitations of 
the programs for the various procedures are described·as follows. 
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In all cases, . at the start~.of the solution of a problem, that is, 
when the front axle of the vehicle enters the bridge, the initial conditions 
of the bridge-vehicle system have to be specified. The system is assumed to 
be in the so-called "neutral condition," unless otherwise specified. In the 
neutral condition the bridge is assumed to be at rest, so that(y} = (y) = 0 
at all joints, the vehicle is assumed to have no vertical motion, (P) = (Pst) 
and (~~) = 0 for all axles, and the frictional force in the suspension system 
of the vehicle is equal to zero, (F} = O. Only the initial conditions which 
differ from the neutral conditions need be specified. To simulate repeated 
vehicle crossings it is possible to consider a set of initial deflections. of 
the bridge corresponding to the permanent plastic kinks of a beam that has 
already yielded under the action of the prior passage of a vehicle and come to 
rest. 
In the computation of the static effects, the deflections of the 
flexible joints are evaluated using .the conjugate beam approach, a method 
which is easily applied to the bridge models considered. 
The details of the general flow diagram presented in Fig. 3.1 and 
applicable to all procedures are as follows: 
(a) Read in the characteristics of the bridge-vehicle system. 
(b) Compute the static axle loads (Pst} in terms. of the parameters 
specifying the geometry and weight distribution of the vehicle" .and set up. of 
the coefficients of the vehicle matrix [AJ. 
(c) Evaluate the coefficients and matrices in the 'bridge equation of 
motion. The operations of inversion and multiplication of matrices are performed 
with the aid of standard subroutines MATINV and·MMDP, respectively. These sub-
routines are available from the Oomputer Laboratory of the University of Illinois. 
(d) Set the initial conditions of the·system in the ttneutral 
condition" unless specified otherwise. 
(e) Evaluate the m~xL~Um static effects. These effects are evaluated 
only for the positions of the vehicle considered in the numerical integration 
procedure and the term maximum effect as used herein refers to the highest 
value of the computed effect. It is possible, for a relatively large time 
interval, that the actual maxima occur between two successive .load positions. 
This is also true for the dynamic response. 
'(f) Establish the values (uu) and (u i ), consistent with the initial 
friction values (F), for all the axles and also establish the limits, (Mu) and y 
(Mi}"and the corresponding values (eu ) and' (e i ) for all joints of the beam. yyy
,The limiting values for moments and curvatures are different for each flexible 
joint since they are .measured from the stat~c equilibrium position of the bridge 
when subject to, its own weight. However, these limiting values are the same 
for all joints when the bridge weight is neglected. 
(g) Define the pos'ition of the axles on the bridge at each 
increment of the time interval.' 
(h) Integrate over one time interval the equations of motion of the 
bridge...;vehicle system.' Compute from the response of the system the corre-
spondingmoments,and interacting forces and store the following quantities: 
(i) Consider the next time interval and repeat steps g, h, i until 
the solution is completed. After the last time interval, print out the.time 
histories of the various response quantities and the corresponding maximum 
values. 
(j) For each problem, consider steps a,throughi until all the 
problems have been solved. 
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Additional details of the computer programs for the various procedures 
are as follows: 
For Procedure 1, programs are available for the two bridge models and 
include both eleastic and inelastic types of bridge bilinear behavior as shown 
in Fig. 2 .. 2. 
In step c the coefficients and matrix to·be determined are cl ' c2 and 
[C], defined in Eq. 2.15 .. The equation of motion for the bridge system is 
given by Eq. 2.140 
In step h the integration of the equations of motion of the system 
is presented in the flow diagram shown in Fig. 3.2. The flow diagrams for 
the determination of the dynamic incnements for moment, .(6M), for the bridge 
bilinear inelastic and elastic behavior are presented, respectively, in Figs. 3.3 
and 3.4 .. In Fig. 3.5 the flow diagram for the determination of the dynamic 
increments of the interacting forces, (6P), is shown. 
For Procedure 2,. programs are av.:ii·lable for both bridge models. Only 
elastic bridge behavior is considered and the loading:is limited to amoving 
constant force condition. The steps are the same as above with the following 
changes: 
In step c, the coefficients and matrix to be set up are c3, c4 'and 
* [C ] , defined in Eq. 2.19· The equations of motion of the system are expressed 
by Eqs. 2.17 and 2.18. In step h the modifications in the integration pro-
cedure are shown in Fig. 3.2. 
For'Procedure 3, only the case of the distributed mass model has been 
programmed. The e;Lasto-plastic case-with the inelastic type of unloading is 
considered. The solution is limited to·a loading of the constant force type. 
The steps in this procedure are the same as in Procedure 2 and the 
equation of. motion of the system is given by Eq. 2.17. In step h,.forthe 
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numerical integration a different approach is used in the determinqtion of the 
moments, (M) l' by application of Eq.- 2.33. The flow diagram for the details 
s+ _ 
of the integration of the equation of motion for a single time interval is 
presented in Fig. 3.6. 
In the case of Procedure 4 programs have been developed for both 
bridge models. The bridge response is considered only for the elastic case 
and a constant force loading. 
In step c the equation of motion of the-system; is given by-Eq. 2.36 
and thernatrices to be determined for this equation are [Dl ], [D2J, [D3] and 
[CrJ, defined in E'l. 2.37. 
In step h j - since this procedure Tequires -no iterations, _ the integra-
tion of the equations of, motion shown in Fig. 3.2 has the same modifications 
as those for Procedure -2. 
by. application ofEq. 2.30. 
The- evaluation of the moments (M) 1 is obtained 
s+ 
4. STUDIES OF. ELASTIC SYSTEMS 
401 Introduction 
The results of the studies of the response of the system considering 
a perfectly elastic bridge behavior are presented in the form of tabulated 
data) spectra and history curves) to show the effect of those parameters which 
primarily affect the accuracy of the solution. The bridge is assumed to have 
a smooth and level deck) and the single and two-axle vehicle representations 
will be considered. The standard vehicle used throughout this investigation 
has geometric and dynamic characteristics as suggested in.Ref. 17. These 
characteri'stics are based on analytical estimates and field measurements 
obtained from information given in .Refs. 6) 11) and .. 16. For multiple axle loads 
the dynamic index is taken as unity) as suming .tha t . the axles are uncoupled from 
each other. Considering a standard vehicle and a beam and slab type bridge of 
approxima tely 60 ft span a set of standard bridge-vehicle parameters has been 
obtained and will be used herein unless otherwise ·indicated. These parameters 
are: a = 0.15) ~ = 0) R = 0.2) ~t= 0.7) ~ts = 0.4and~= 0.15. ,For the 
two~axle vehicle, equally, loaded axles with identical properties are spaced at 
slL = 0.30. 
4.2 Convergence of Static 'Effects 
The convergence of static effects is considered for the case of a 
single load applied at midspan .. This load position. produces the maximum static 
moments and deflections in the beam at midspan which are used in the computation 
of the amplification.factors. The deflections are the same for both bridge 
models and are) of courseJ,approximations to the exact deflections for distributed 
elasticity; the values· of the moments are exact. 
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·The value of the'static deflection at, the jth Joint for the load 
acting at midspan. is given by 
2 3 W L3 [.3 (n+l) + IJ j - j 0 v 
l2(n+l)3 EI 
(4.1) 
where y. is the static deflection of the j.th joint and the number of jOints, n, 
J 
must be an odd integer in order to have a joint at'midspan. Equation 4.1 is 
applica'ble only for the . left half of the beam. 
,The following table and the corresponding plot in Fig. 4.1 show.the 
convergence of the static deflections at midspan: 
n 
1 
3 
5 
7 
9 
11 
13 
15 
Midspan Deflection 
for Model in Terms of 
WL3/EI 
v 
0.03125 
0.02344 
0.02199 
0.02148 
0.02125 
.0.02112 
0.02105 
0.02100 
Ratio of 
. Midspan Deflect,ions 
Y model/ Y exa'ct 
.1·5000 
-1.1250 
.1.0556 
1.0313 
.1.0200 
1.0139 
.1.0102 
'1.0078 
where the deflection of the actual beam at midspan., is·y = .WL3/48 EI. 
exact v 
In ,Fig. 4.1 an arithmetic plot of the ratio y /Y is 
. model exact· .. 
presented as a function of the number of segments of the beam representation. 
,The curve emphasizes the fast rate of convergence to the limiting condition 
represented by the horizontal axis 0 • At the limit the beam has an infinite 
number of panels and. represents a beam' with distributed elasticity. 
It is of 'interest to· consider also ·the change·in error'inmidspan 
deflection) ,that is (y d l-Y t)/y t" versus the number of segments 
mo e exac exac 
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shown in Fig. 4.2. .A logarithmic plot is used and since the diagram is a 
2 
straight line it can be deduced that the error is of the order of h J where h 
denotes the bar length. .Note that: a representation with as few as 6 panels 
has an error of only 6 percent. 
403 Effect of Iteration Tolerance 
The iterative method of solution requires for each cycle of iteration 
the comparison of the current set of deflections, values of (y} and. (z), with 
the previously obtained values. The comparison.is considered to be satisfactory 
when the difference between the two sets of values is less than a prescribed 
tolerance. ' For this study the tolerance on deflections was varied between 
10-3W L3/EI and 10-8W·L3/EI. Note that an iterative method is re9.uired only 
v v 
foy'Procedure 10 
To show.the effect of changing the iteration tolerancey.the peak 
values of dynamic moment and deflection.at both midspan and the quarter points 
for various values· of the tolerance are'presented in Table 401 and have been 
compared with corresponding results from:Procedure4,. a non-iterative method of 
solution. .Inmaking this comparison it is of interest also to note the total 
number of iteration cycles reqlj.ired. A single moving constant force with 
a = 0.15 and f\ = 0 is considered. The distributed·massmodel with 7 and 11 
joints and the concentrated mass. model with ·11 joints are considered. 
A study of the data shows that for' 11 joints there .is no variation 
in the deflection values for ·the range of tolerances considered and that both 
Procedures 1 and 4 give the same resu.lts. .A slight variation is noted for 
deflections in the case of 7 joints. Larger differences. are noticeable in the 
. case .of the dynamic moments 0 I lhese differences decrease as the. number of joints 
in the beam' increases from 7 to 11. 
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Considering the total number· of cycles of iteration required for 
these solutions". it appears reasonable to choose a tolerance value for deflec-
t ions of '10 -6W L3/EI for practical purposes. A similar conclus ion was drawn 
v 
on the basis of analysis of data obtained for a single-axle" smoothly moving 
'vehicle vibrating on its tires. For 'brevity" these results are not included 
in the table. 
4.4 Effect of Interval of Integration 
The effect of the interval of integration.on the accuracy of ·the 
. results and on the number of cycles required for solution is shown in Table 4.2 . 
. A single moving .constant force and both the distributed and the concentrated 
mass models areusedo The solutions are'obtainedusing:Procedures 1,.2 and.4 
for beams with 7 and 11 flexible jOlnts and the iteration tolerance has the 
value 10-6W'L3/EIo The various total numbers of. steps of in.tegration considered 
v 
are· indicated in the table 0 .Peak values of dynamic deflections and bending 
. moment s at midspan and quarter points are included in the tabulation. 
To interpret these results the values of the total number of steps 
of integration" .N, have been compared withN ,the minimum number 'requiredfor 
cr 
stability and convergence". as definedby·Eq. 2 .. 39. From the,results'it is seen 
that the lowest reasonable values of.N/N for the different procedures and 
cr 
models are as follows: 
: Procedure 
1 
2 and 4 
Mass,Model 
'. Distributed 
1.40 
1.20 
Concentrated 
'1·35 
1.10 
For ratios N/N smaller than.the values indicated above the accuracy. of the 
cr . 
results is poor and the number of cycles of iteration, increases at a fast rate. 
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For·Procedures 2 and 4,.where no -iterations are'required" .reasonable answers 
were obtained for certain cases with a ratio of wiN . as low as 1.02. To 
cr 
insure the accuracy of the results" ratios of approximately. 1.7 for 'Procedure 1 
and 1.5 for Procedures 2 and 4 have been used. In general" the magnitude of 
the response increases withincreasing'N/N • This result is attributed to the 
cr 
fact that as the time ,interval is reduced the maximum response value and its 
time of occurance is represented more accurately. Comparing·Proceduresl,.2 
and 4 it is seen that for deflections the results are essentially the same, 
but some differences are present in the case of moments. 
405 ,Effect of Number of Joints and Mass.' Distribution 
The effect of changing the number of j8ints and of the type of mass 
__ distribution--isc-illustrated- fOI'--the- case-Qi'--a--- s-ing-:le--moving---een-stant---f'oree----
using an iteration tolerance of 10-6WvL3/EIo 
In Figs. 4.3 and 4.4 the effect of changing :the number of joints used 
in the beam:representation on the history curves for dynamic-increments for 
deflection and moment at midspan. is shown considering :the distributed mass 
model. The ordinates for the history curves are'expressedin non-dimensional 
form and· are normalized with '. respect to the corresponding maximum static effect. 
Results for beams with 3, 5 and 9 joints are given, in Fig. : 4-.3" . and. for,' beams 
with 9 and 15 joints in Fig. 404 .. It can be observed. that except for'the beam 
with 3 joints the differences in the response are very-small .. For the beam 
with 15 joints the response for moment shows a marked contribution of the 
higher modes. 
A comparison of history curves for dynamic increment for'moments and 
deflections for the concentrated and.distributedmass representations is shown 
in Figs. 405 and 4-.6, considering:5 joints and 15 joints" respectively, . in :the 
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beam . representation. A shift in the response of the concentrated mass 'model 
is observed for the 5 joint representation while for a.beamwith 15 joints 
the response curves are in phase although there is a larger contribution from 
the higher modes. 
Figure 4.7 is presented to summarize the effect of the number of 
joints on the amplification fa.ctors for deflections and moments at midspan, 
for the two bridge models. From this figure and from the results presented 
in Figs . 4.3 and 4 .. 6,. it seems reasonable to consider a number of joints not 
less than 7. 
For referenceJ,peak values for moments and deflections at'midspan 
and the quarter points·as well,as for·the end.reactions are tabulated in 
Ta.bles 4.3a and 4.3b corresponding to the distributed. mass' model and con-
. ___ c..entrJ~ . .ted_.mass ______ model.,_res.peeti:v:ely.--The-,numheT---().;f.:joJ.nts·-range-~f±'Gm-'--3-tG--l·5-
in increments of two. The number of steps of integration. is such that the 
ratio N/N is in all cases close to the value·l.5. 
cr 
.Note that the data presented in these tables' includes a comparison.of 
three methods of solution, .Proceduresl, 2 and 40 The differencesbetween:the 
three ·procedures decrease as the number of joints·increases .. For each pro-
cedure the maximum values of deflections. decrease as the number of joints 
increases ~ _ .the moments do; not seem to follow: this pattern. These differences 
are attributed to a phase shift in the response curves due to the fact that. the 
natural frequencies of the-beam change when the number of joints changes. 
4.6 Comparison of Results with Bridge Model Having:Distributed Flexibility 
A comparison of the rigid-bar, distributed mass model with the bridge 
model used extensively. in the past(9..?17) having distributed flexibility and 
concentrated masses is shown for dynamic increment history curves for 'deflection 
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and moment at midspan.in Figs. 4.8 through 4.110 In all cases abeam with 
9 flexible' joints is considered. In Fig. 4-.8 a single moving constant force 
is considered and the comparison is made with a model with distributed flexi-
bility having ·7 mass concentrations. It can be observed that the differences 
in response are very small. 
Corresponding :resitl tsfor the sprung vehicle are shown .. in Figs. 4.9 
.through 4 .. 11. . For the comparison the model with distributed flexibility having 
j concentrated masses is used. The case of a.single-axle" smoothly moving 
vehicle with parameters ex = 0015" R = 0.2, CPt = 0·7" CPts = 0.4 and.!J.= 0.15· is 
shown in Figo 4.9. In Fig. 4.10 the·two-axle". smoothly moving vehicle,with 
parameters a = 0.20" slL = 0.4" .R= 002" cP = 0.2 and !J.= 0.15 is considered. 
v 
. The.differehces in response are again small and the agreement could be improved 
if a larger number of concentrated masses were considered in the model with 
distributed flexibility. Although not shown the time history. for the inter-
acting :forces is the same for' both. bridge models. Results. fora two-axle" 
,initially oscillating vehicle are shown. in Figs 0 4.11a and, 4 .. 11b with 
parameters. 0: = 0.15" slL = 0.4", R= 0.2, cP = 0.7, !J.- co -and initial conditions 
v 
I 8 b .0 .6.P Pst = 0.15" ,Fi = 0,81 = 1 O· ·and 82 = 300 .. The interacting:forces are 
again the same for'bothhridge models; ,the.history curves for defiection and 
. moment at midspan are ·in general, in good agreement for the two bridge models. 
5. STUDIES OF RES FONSEIN lNEIASTIC RANGE 
5.1 Introduction 
In this chapter an exploratory study of the response of the system 
in the post-elastic range of deformation is presented .. In the discussion 
the paramet.ers of the problem are grouped as follows: 
(1) Parameters affecting the. accuracy of the solution such as the 
it.eration tolerance, number of steps cuf integration" number of flexible joints 
. and the type of mass distribution. 
(2) Parameters describing the inelastic behavior of the ,bridge 0 
These include the slope ratio of:,the resistance diagram for the beam and the 
yield moment level 0 
(3) Parameters describing the bridge-vehicle system which are known 
to be significant from previous elastic studies 0 
,In addition, studies will be made of the differences between elastic 
and inelastic bridge bilinear behavior and of the ~ffect of multiple vehicle 
crossings 0 
Throughout the study the yield, level in the moment res istance diagram 
* * ! for the beam is assumed such thatM. > M t} any other assumption leads to the 
.y ~ s 
* condition that the system yields under static loads. The quantity M indicates y 
the yield moment level for the beam ancl is the same for all joints. . The 
quantity M:
t 
represents the absolute maximum static moment due to the combined 
weight of the bridge and the vehicle. The upper yielding moment at the jth 
jOint"MU ., is equal to the yield moment level,.M*"minus the moment at y, J .y 
joint j due to the weight of the bridge. When the bridge weight is neglected 
the yielding moments have the same value at all joints. The yield moment level 
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* in the negative direction, M oj has no influence on the dynamic response of y, ;:. 
the system and will not be studied. 
All other conditions of the bridge-vehicle system are the same as 
the ones described in Art. 4.1. 
5.2 Parameters Affecting the Accuracy of Solution 
5.2.1 Iteration Tolerance. Data showing the effect of iteration 
tolerance on the accuracy and on the number of cycles required in the solution 
is summarized·in Table 5.1. Iterative Procedure 1 is considered with tolerance 
values ranging from 10-3WL3/EI to lO-8WL3/EI. The bridge behavior is assumed 
v v 
to be of the elasto-perfectly plastic type and only the distributed mass model 
is considered. The beam is assumed to have 11 joints and the loading is a 
* * single moving constant force with parameters ex = 0.15, R=O.2,?M = M t and y s 
N/N = 1.80. The maximum effects produced are analyzed at midspan and at the 
cr 
. quarter points 0 As a check on the accuracy these results are compared with 
those obtained using the n6n-iterative Procedure 3, for whichN/N = 1.47. 
cr 
From Table 5.1 it can be observed that the magnitude of the results 
is not sensitive to tolerance and that the results obtained from Procedure 1 
and Procedure 3 are practically the same. Considering the total number of 
. -6 
cycles required for solution,.a tolerance value for deflections of 10 W L3/EI 
v 
is reasonable. The same tolerance value was observed for the elastic system 
and will be maintained throughout the study. 
5.2.2 Interval of Integration. D9.ta .summarizing ·the effect of 
changing the interval of integration for an elasto-perfectly plastic bridge 
behavior is given in Table 5.2. The distributed mass model loaded by a single 
moving constant force is considered. . Solutions obtained using 'Proceduresl 
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and 3 for beams with 11 and 15 joints are presented .. Other parameters are 
* * ex = 0.15, R = 0.2 and My = Mst .. The number of integrating steps, N" used in 
the solutions was varied.from 1000 to 2000. 
From the data shown in Table 5.2, it can be seen that both methods 
give approximately the same results in terms of both moments and deflections 
and that in order to insure accuracy of the results the minimu~ value of the 
ratioN/N appears to be 1.40 for Procedure 1 and 1.10 for Procedure 3. It 
cr 
is recommended that values of N/N = 1.70 and 1.50, respectively, be used for 
cr 
Procedure 1 and· Procedure 3. These are the same values as suggested for the 
elastic system. .Note that for Procedure 1 the limit N/N = 1.70 insures 
cr 
that no more than two cycles of iteration per integration step are required. 
5.2.3 Number of Join,ts and Mass Distribution. In Fig. 5.1 the 
effect of changing the number of flexible joints for an elasto-plastic bridge 
behavior has been shown. .A single moving .constant force with parameters 
* * ex = 0.15, R= 0.2 and My = Mst' acting on the distributed mass. model has been 
. considered. Figu_re 501 shows histor~ curves for dynamic increment for 
deflection and moment at midspan, for beams having 5,9 and 15 joints. Small 
differences in the.response are seen in the elastic range and there are·large 
differences in the deflection curves when the system becomes plastic .. The 
·moment curves show the contribution of high frequency modes. 
Similar·response curves comparing the distributed mass bridge model 
and the concentrated mass model with 15 joints are presented ,in Fig.' 5.2 .. The 
response is practically the same for both models in the elastic range but 
differences are noticeable in the plastic region. ,The effect of higher· modes 
is again apparent in the moment curves. 
In Fig. 5.3 the effect of the number of joints on the amplification 
factors for midspan deflection is shown. The distributed mass model is 
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considered for R = 0.2 and for the case where the bridge weight' is neglected, 
ioeo,Wb = 0 and thus R = 00. The dynamic moment is of coUrse lLmited to,the 
yield value and thus the amplification factor for moment is equal to one in 
all cases D 
The data used in Fig. 5.3 together with additional results for 
moments and deflections at the quarter points and the right support reaction 
are summarized in Tables 5.3a and 5. 3b. 'I'ables 50 3a and 5. 3b correspond to 
values of weight ratio R = 0.2 andH =: 00, respectively. Tne number of joints 
is varied from 3 to 15 in increments of 2 and results are presented for both 
Procedures 1 and 3. The number 'of integrating .steps considered are indicated 
on the tables and are the same as those for the elastic system described in 
Study of the results shows J in general y that the two procedures give 
essentially the same response and that differences between the two procedures 
decrease as the number of joints increases. From the data presented it appears 
that, unlike the elastic system for which satisfactory accuracy can be obtained 
with as few as 7 joints, for the ine~astic system it is desirable to use a 
beam with 15 joints. ,A similar conclusion was drawn in Ref. 200 
5.3 Effect of Parameters Des¢ribingtheInelastic ,Behavior of Beam 
5.301 Slope Rc;ltio of Resistance Diagram. irhe effect of the slop~ 
ratio for the moment rotation diagram for the beam is shown in Figs. 5.4 
through 5.22 and data is tabulated in Tables 5.4 and 5.5. In all cases a 
distributed mass model with bilinear inelastic type of 'behavior for a beam 
with 15 jointsls considered •. Additional parameters are;a = 0.15, R = 0.2 
* ;~ 
andM = M t. The loading conditions considered vary from a single to a three-y s 
·axle load with moving constant force, smoothly moving -and initially oscillating 
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. conditions .. In all cases· but one yielding in the beam first starts at midspan; 
the exception corresponding to the single-axle smoothly. moving vehicle which 
. initiates first yielding in joint 7. 
Single Moving Constant Force. Figures 5.4 through 5.7 correspond 
to the case of a single moving constant force. ,Deflections of the beam are 
of pri..rnary interest since the moments tend to approach as a .limi t the specified 
yield value as k2/kl is reduced .. In Fig. 5.4 the effect of changing the slope 
ratio on t.he history curve for midspan deflection is shown. Values of k2/~ 
of OJ) 0.1 and 1 are considered and the .static solution is indicated by the 
dashed curveo 
The history curves for all values Ofk2/~ are identical until the 
load reaches a position vt/L= 0.47;J·at which point yielding develops. The 
development of yielding is evident in Fig. 5.6 wherefor'k2/k1 = 0 the moment 
is constant at the yield level for loa.d positions between vt/L 0.47 and 
0.50. Due to yielding there is a significant increase in the magnitude of 
the peak values for deflections from a value of 1.166 for elastic behavior, 
~2/~ = IJ,to a value 1·368 for elasto-plastic behavior, _k2/~ = O. For 
midspan moment the peak value of the amplification factor is 1.131 for the 
elastic case and, of courseJ 1.000 for the elasto-plastic case -where the yield 
level is equal to the maximum static moment. 
- In Figo 5.6 the dynamic increments for midspan deflection for. different 
values of the variable k2/~ are plotted. ' It can be seen that even a small 
value ofk2/~ significantly reduces the magnitude ,of the deflections. This 
result can be interpreted as meaning that small amounts of strain hardening are 
significant. A phase shift in the history curves relative to the elastic 
.solution is noted as the value of k2/S is decreased. Dynamic·increment curves 
for midspan moment are plotted in Fig. 5.7. ,It is apparent that once the moment 
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reaches its yield value J there is a larger contribution of higher modes of 
vibration as the slope ratio k2/S decreases its value. 
Single-Axle Smoothly Moving·Vehicle. In·Figs. 5.8 through 5.12 
results for the case of a single-axle smoothly moving :load with parameters 
CPt = 0·7" CPts = 0.4 and fl = 0015 are shown. History curves for midspan deflec-
tion and moment corresponding to values of the slope ratio k2/kl of OJ 0.1 and 
1 are presented in Figs. 5.8 and 5.9. Corresponding dynamic increment history 
curves are shown in Figs. 5.10 and 5.11 together with additional curves for 
other k2/kl values as indicated. Interacting forces are shown in Fig. 5.12. 
,As was the case for the moving constant force the history curves 
for midspan deflection remain the same for all values Ofk2/~ until the beam 
starts yielding J at which time .the d.eflections will increase as the,value of 
the slope ratio decreases as shown in Fig. 5.8. Yielding :was found to start 
first in joint 7 at a load position vt/L = 0.43. The load position for start 
of yielding at midspan (joint 8) is dependent upon k2/~ and is vt/L = 0.45 
for k.2/~ = 0, 0.05· and 0.1 and is equal to 0.44 when k2/kl = 002 and 1.0 as 
indicated in 1:1able 50 i+. The effect of yield:ing can be seen in Fig . 5.9 where 
the curve for k2/kl = 0 separates from the one corresponding to k2/~ = 1 at 
a load position vt/L = 0.43 as joint 7 yi.elds and then shows an increase .uutil 
the yield.ing moment at midspan is reached for a load position vt/L' = 0.45. 
DQe to yielding the peak. values for deflection show a significant increase 
from a value of 1.185 for an elastic system to a value 1.335 for an elasto~ 
plastic system. The increase in deflection due to yielding is smaller than the 
corresponding increase for the single-moving .constant force shown in Fig. 5.4; 
the difference is attributed to the effect of interacting force variations. 
For midspan moment the peak value is 1.132 for k2/~ = 1 and, of course J 
1.000 for k2/~· = O. 
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From the dynamic'increment curves· for'midspan deflection shown.in 
Fig. 5.l0 it is seen that the response curves are:inphase .. Inall cases, 
except for the elastic solution, the maximum dynamic increment values occur 
when the load is at about the third Cluarter point in the beam .. In Fig. 5.11 
the corresponding dynamic increments for midspan moment shOw.that after 
yielding occurs the contribution.of·higher·modes of yibration:increases as the 
slope ratio k2/~ decreases in value. History curves forinteracting.forces 
are presented in Fig~ 5.12 for the valueSk2/~' indicated. The· maximum ,inter-
acting force, 1.071 Pst' . occurs in all but one case while the beam is still 
elastic; .for the case k2/~1 = 0 the maximum value i81.074 and is reached after 
the beam has yielded. 
Two-Axle Smoothly Moving:Vehicle. Figures 5.13 through 5.16 
correspond to the case of a two-axle smoothly.moving 'Vehicle with,identical 
axles and a· static reaction per axle . of W /2GAdditional parameters are 
v 
s/L = 003, ~t = 0·7, ~ts = 0.4 an~~= 0.15. 
In Fig. 5.13 the effect of changing :the slope.ratio on the history. 
curve for' midspan deflection is shown. . Values of k2/h of 0.05, 0.1 and 1 are 
considered. From the history curves it can be seen thatyielding.developsat 
a load pos i tion for the front axle of vtl/L = 0.47 .. ' There. is, as· before, . a 
significant increase in the. magnitude of the deflections due to yielding .. The 
curve corresponding to k2/~ = 0 is not presented in the figure but has a ·peak 
value of 2.508,. whereas for the . ratios k2/h of 0.05, 0 .. 1 and.l the peak 
values for deflections . are respectively,. 1.343, . 1.271 and 1 .. 139. . The . explana-
tionfor this large increase in deflections can be . found in the development of 
'yielding shown in Fig. 5.14 .. For the value 'k:2/~' = 0, ,because of the plateau 
in the static' influence line, ,when the yield level is. at this same.:plateau.the 
beam remains at yield for a relatively. long time, that is, for load positions 
between vt1/L = 0.47 and 0084.l1 and consequently large deflections develop. An 
even larger increase is observed for two moving constant forces as shown in 
Table 5.5, wherefor k2/~ = 0 the peak value in deflection is equal to 3.059. 
The peak values are obtained in all cases when the front axle is close to the 
third quarter point of the beam ..For midspan moment the peak value of the 
amplification factor is 1.202 for the elastic case and 10000 for the elasto-
plastic case. 
In Fig. 5015 the dynamic increments for midspan deflection for 
values k2/ kl of 0.05, 0.1 J 0.2 and 1 are plotted 0 Note tha t small amounts of 
strain hardening.cause a larger reduction in the magnitude of the deflections 
than was observed for the single-axle vehicle. A small.phase shift is noted 
in the history curves relative to the elastic solution as the value of k2/kl 
is decreased. From the dynamic· increment; curves for midspan moment plotted 
in Fig. 5.l6; it is seen that the high frequency modes of vibration do not show 
a large contribution as in the case of a single-axle. load. 
Three=Axle Smoothly' Moving ·Vehicle. ~n :Figs .. 5.17 through 5.20 
results for a three-axle smoothly moving vehicle with static reactions per axle 
of Pst,l = W/9 and Pst.?2 = Pst,3 ::= 4Wv/9 are shown. Additional parameters are 
sIlL = 0015, s2/L = 0·30.'1 CPt :::: 0·7, CPts :::: 0.4 and Il:::: 0.15· The cases under 
consideration correspond to slope ratios of 0, 0.1 and' 1 . 
. History curves for midspan deflection are presented in Fig. 5.17 and 
as woulcl be expected from previous results the curves are identical until the 
beam. starts yielding at a position of the front axle vtl/L:::: 0.62. At this 
p8int there is an increase in deflections relative to the ela'stic solution with 
decreasing values of k2/~~. The development of yielding can be seen in .Fig. 5.18 
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where for the elasto-plastic case the moment is constant at ·the yield level for 
load positions between vtl/L = 0062 and 0065 and between vtl/L = 0.72 and 0.950 
.Since the static influence line is a ,line segment'and during yielding.the 
dynamic moment is constant" ,the dynamic increment for midspan moment is also 
linear as indicated in the upper curve in Figo 5020. 
Due to yielding the peak values for deflection show.an increase in 
magnitude, corresponding to 10073) 10133 and 104,24, respectively, for,the 
values k2/~ of 1, 001 and O. The sensitivity of deflections to the way in 
which the vehicle weight is distributed is evident. . Even though the static 
reaction of the front axle is small compared to the other two axles, the 
existance of a third axle reduces for the elasto..;.plastic case the peak value 
in deflection from 2.508 for a two-axle vehicle to the value ·1.424 for the 
three=axle case. The sensitivity of the deflections to the number of axles 
can be interpreted more easily after a stuGly of the effect of yield moment 
level· in the next sectiona For midspan moment the peak value of the amplifica-
tion factor is 1.116 for the elastic case:and 1.000 for the elasto-plastic case. 
In Fig. 5.19 the dynamic increment curves for midspan deflection are 
. presented. A small phase shift in the response curves relative to the·elastic 
solution. is noted as the value: k2/~' is decreased. The peak values. occur when 
the intermediate axle, which is a heavy axle compared with the front· axle). is 
close to the third quarter point in. 'the bridge. ,In Fig. 5.20 dynamic'increments 
for midspan . moment for the ratios' k2/h of 0, 0.1 and, 1 are shown. .Note· that 
there is a smaller contribution of higher frequency. modes for values of 
k2/kl - 001 and 0 than was observed for a single-axle load .. 
. The maximum interacting forces." midspan moments and deflections are 
summarized in the form of spectrum curves in Figs. 5021 and 5.22. The data for 
the curves together with additional data fora constant force and initially 
-60,-
oscillating two-axle vehicle are tabulated in Tables 504 and 5.50 The 
initially oscillating ,vehicle with 15 percent initial oscillation is also 
included 0 In Refo 17 it was noted that a vehicle entering the span with a 
steady-state oscillation corresponding to a15 percent variation in the axle 
loads was representative of actual field conditions. 
,The results shown in Figo 5021 correspond to a single-axle load and 
it can be seen that a smoothly moving load produces larger peak values of 
midspan deflection. than a single moving constant force". except for values 
k2/kl smaller than 0.05. ]'or midspan moment the peak values are essentially 
the same for both loading conditions. The interacting forces as previously 
ind.icated have the same peak. value of 1.071 Pst' except for the elasto-plastic 
case where the peak value is 1.074 Pst" In Fig. 5.22 similar curves are pre-
sented for a ,two-axle loado As might be expected larger' peak values in the 
response are obtained for the vehicle with 15 percent initial oscillation for 
all values of k2/kl o A comparison of the constant force solution and the 
smoothly moving vehicle shows that for·the latter deflections are larger and 
moments sma,ller for values k2/kl greater than 002. 
The peak values of interacting forces are presented for the rear 
axle;J.which shows the larger variation of the two axles. 
50302 Yield Moment Level 0 From studies of the response of single-
degre,e-of-freedom systems. in the inelastic range it is known that the yield 
level in the resistance element in the system can be conveniently defined.in 
terms of a "yield factor!! times the maximum level of response (resistance) 
which woulcL have been obtained if the system remained elastic. Thus a yielding 
factor" 1..'1 is defined in terms of the yield level at the joint where the maximum 
dynamic moment M occurs J assu.rning perfectly elastic behavior of the bridge 
o 
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system J .ioeo J that yielding does not occur. This is done to avoid ambiguity 
when yielding develops at more than one joint .. The· quantity)' is written as 
t he ratio of the upper yielding. moment J ,Mu ., to the maximum dynamic elastic 
y JJ 
moment M ; the subscript j refers to the joint at which M occurs 0 
o 0 
The results are presented in the form of spectrum curves in Figs. 5.23 
through 5.27. and in Tables 5.6 through 5.8. A distributed mass. model with 
15 joints 'loadedby single-axle, two-axle and· .. I.three-axle loads for both the 
smoothly moving condition. and initial oscillation is considered.. Additional 
parameters area= 0015 J R= 002, CPt = 007, CPts = 0.4 and ~ H= 0.15. . Two values 
of the slope ratio are considered, k2/~ = 0 and 0.10 The values of )' range 
* * from that for the.condition M =M t' for which), is less than. 1 and is inversely y s 
proportional to the maximum amplification factor for' moment for elastic response 
to the value), = 100, representing a solution for which the beam. remains 
perfectly elastic. 
In Fig. 5,,23 the case of a single-axle smoothly. moving load is 
are independent of the parameter "/ and of the slope ratios' k2/~ consideredo 
. The curves for the amplification factors for-moment,atmidspan vary. linearly 
with apeak value of 1.132 for 1 =1. The variation is a smooth curve in the 
case of the amplification factors for midspan deflection with maxlmum values 
of 1.335 and 1.243 for the ratios k2/~ = 0 and 001, respectively. 
The· case. of a two-axle' smoothly moving vehicle with identical axles 
and a static reaction per axle Of'W~2 and an axle spacings/L = 9.3 is con-
sidered in. Fig. 50240 This is the only case for which the·moment··M (Oo2128wL) 
·0 v 
. occurred at joint' number 7 instead of midspan. (at midspan·M = 0.2103.·WL). 
o . v 
For convenience in comparing these solutions with other cases' the yield.ing 
factor' is defined in terms of M at midspan. .Note that. this small difference in 
. 0 
Mo produces only a shift of the scale on the horizontal, I, .axis. 
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.The most striking feature of the two-axle results is the great 
sensitivity of the deflections to the yielding factor r in the elasto-plastic 
O. The effect of slope ratio is, of course, reflected in these 
results since for k2/kJ. = 0.1 the deflections are much smaller and are not 
markedly sensitive to r. The maximum value of the interacting force for the 
rear, axle is shown and is 1.177 for k2/~ = 0 and 1.075 for k2/~ = 0.1. The 
amplification factors for midspan moment for the elasto-plastic case, k2/kl = 0, 
show a linear variation with r since the limiting moment is an. input parameter. 
An undulatory curve results for the case k2/kl = 0.1 which has a maximum value 
of 1.201 corresponding.to r = 1. 
Comparison of the magnitude of the deflections for the· single and the 
two-axle smoothly moving vehicles reflects the fact noted previously. that the 
beam remains at the yield level for a longer time and as a result larger 
deflections are produced. When a three-axle vehicle is considered, the deflec-
tions may be reduced. This was noted in the previous section and is seen also 
'when the effect of r is considered .. In Fig. 5.25 the results for a three-axle 
vehicle· are presented; . axle spacings considered are sl/L 0.15 and s2/L= 0.30 
and the static axle reactionsarePst"l = Wj9 and Pst,2 PSt ,3 = 4Wv/9 with 
parameters CPt = 0·7, CPts = 0.4 andll·= 0.15. The maximum values of the inter-
acting forces are presented only for the rear axle, ,and show an. approximately 
linear variation with r and a .max~um value of 1.068 corresponding to r = 1 . 
. The curves for the amplification factors for moment at midspan show a linear 
variation similar to that observed for a single-axle moving :load, with a 
maximum value of 1.116 for r = 1. The curves for the amplification factors 
for deflection at midspan approach a linear variation fork2/kJ. = 0.1 with a 
maximum value of 1.133. For' the elasto-plastic case the maximum value is 
1.424, and the deflections are again sensitive to r. 
The elasto-plastic deflect1ons·produced in the· case of the.three~ 
axle vehicle with a lightly loaded front axle can be -reconciled with the larger 
deflections for the two-axle vehicle with the same total weight by. making ·use 
of the yield factor. The lowest value of Y for the three;..,axle vehicle is 
about 0.9. By- taking this va.lue as an approx:inJ.ate ·yield level for the two 
heavy axles and neglecting the front axle" one determines from Fig. 5.24 that y 
values on the order of 0.9 fall in a region where the deflections are sharply 
. reduced from the peak values ·which are attained for / of about 008. 
In Fig. 5026 the spectrum curves fora single-axle vehicle with an 
initial force variation of 15·percent of the static value are presented. The 
curves are similar in .shape to the ones shown in,Figo 5.23, where ,there is 'no 
initial oscillation, but' as would be expected the· peak values are larger .. The 
maximumvalnes are 1.150 for interacting forces, and 1.250 for amplification 
factors for midspan moment. For amplification factors for deflection at midspan 
the maximUms are 1.913 and. 1.475 for. the ratios k2/~;::: 0 and 0.1" .respect·ively. 
Results for the case ·of a two-axlevehiclewiith initial oscillation 
are presented in Fig. 5.27. The two axles are·identical with· static reactions 
of·W /2 each and an axle spacing of s/L ;::: 0.3 .. The initial force variation for 
.v 
each axle. is 15 percent of the static value. It can.be·observed.that the· 
curves follow the same pattern as the ones described for·the· two-axle. smoothly 
. moving vehicle~Fig .. 5 .24.~ . except. that the peak values are of· la.rger 'magnitude:~ 
The maximum values for the interacting force ·for the rear axle are 1.228 and 
1.150 corresponding .to the ratios .k2/~ ;::: ° and O .. l,respectively .. For the 
amplification factors for moment at midspan, the maximum:valueis 1.287 and 
corresponds to / ;::: 1. The. amplification factors for midspan deflection· for·the 
elasto-plastic case, k2/~ ;::: 0, are again very sensitive to yield level and very 
larg~ deflections result; .the maximum value is equal to 4.056 .. The de.flections 
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are less sensitive to I for k2/kl = 0.1 and the magnitudes are greatly reduced 
to a maximum value· of 1.514. The conclusions from a comparison of the . single 
and the two-axle initially oscillating vehicles are similar to those for the 
smoothly moving case. The ratio of moments and interacting forces for a two-
·axle vehicle to the corresponding values for a single-axle vehicle ls:.on the 
average equal to 1.05. For deflections this ratio is equal to 2.3. 
5.4 Effect of Bridge-Vehicle Parameters 
5.4.1 Speed. Parameter 
Single Axle Vehicle. The effect of .the speed parameter is shown by 
means of spectrum curves for interacting force, ;moment and deflection in 
Figo 5.28.. The corresponding data is tabulated in Table 5.9. The speed 
parameter,. Ci, is varied between 0.08 and 0.20 in. increments of 0.02. The dis-
* * tributed mass model with 15 joints and parameters'R = 0.2 andM . = M is Y st 
considered. The loading is a single-axle smoothly. moving vehicle with 
parameters CPt = 0·7, CPts = 0.4 and fJ.:= 0.15· The slope ratio k2/~ has the 
values 0, 0.1 and. 1. 
A nearly linear increase ·in the interacting force varying. from 1.031 
for Ci = 0.08 to 1.124 for 0:= 0.20 is observed and except for. 'small differences 
at· low ex values the interacting ·force variations are essentially. the same for 
the different k2/~ ratios. The' effect of Ci on the amplification factors for 
deflection at midspan is much more pronounced. It can be seen that an upper 
envelope for the deflections .increases with increasing cx. The non,..,linear 
appearance of the spectra is due, of course, to the way in which the dynamic 
increments combine with the static influence line. It is of interest to; note 
that for the system considered for values of ex = 0.08 and a = 0.12 the beam 
must remain elastic since all response quantities are independent of ·k2/~. As 
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would be expected the spectrillIl for moments w.i th k2/~ = 0 shows a region 
. independent of 0: where yielding occurs .. The maximum amplification factors for 
midspan . moment . aTe 1.000) .10 OS2 and 1.172, . for . values of 'k2/~ = 0, 0.1 and· 1; 
respectively; and occur in the neighborhood of. a: = 0.16. For midspan deflection" 
the corresponding maximum values are 1.503" 1.349 and 1.230, .respectively". and 
the maximums occur close to the value 0:= O.lS. 
T"lfTo-Axle Vehicle. The exploratory intent of the· numerical results 
prohibits a study of the two-axle vehicle·which includes a detailed analysis 
of the effect of axle spacing, siLo It is recalled, however; that one of the 
conclusions drawn for the elastic studies (Ref. 17) was that the critical axle 
spacing to produce a maximillIladdition of 'the effects of the individual axles 
. is (s/1)/a == n where nis an even integer 0 This result" . although not strictly 
applicable to the inelastic beam, .is used as the basis for specifying two-axle 
loadings for the . inelastic case. 
In Fig. 5.29 are given spectrum curves for values of s/L between 
0016 -and 0 .. 40, corresponding to values of a: from O. oS to 0.20 such that 
s/L == 2ao . The loading is a two-axle .smoothly moving 'Vehicle with identical 
axles and a static reaction per axle OfW
v
/2 .. All other parameters are the 
same as those in the previous section. Only. the maximum values of interacting 
force for the rear·axlea.represented. For valuesOf'k2/kl of 0.1 and 1.0 
the peak values of P2 . /F t 2 are 10031 and' 1.032, . respectively for 0: = 0.08 
,max s , . 
and 1 •. ll7 andlo127J respectively for a: = 0020 with· a nearly linear variation 
between 0 For k2/~ = 0 the increase in interacting force occurs before 
a =: 0012 and the curve levels off with a maximum ofl<>15S. 
The curves for the amplification factors for moment and deflection 
at midspan show small undulations except for midspan deflectionWhen.k2/~ == 00 
. Again an upper envelope for the spectra increases as 0: increases . and with the 
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exception of the midspan deflection for the elasto-plastic case the· maximum 
values occur for a value of· a: = 0.20. For the ratios k2/~ of 0, 0.1 and I, 
the maxlinUill amplification factors for.moment are 1.000,1.127 and 1.252, and 
for deflection the maximlli"TI values are 2.928, 1.411 and 1.216,respectively. 
Data is tabulated in Table 5.10. 
50402 Frequency Ratio. The effect of the frequency ratio,CP'TT"' is 
shown in the spectra presented in Fig. 5.30. 
v 
Values of ~ .from 0.2 to 1.4 
v 
in increments of 0.2 are considered for the system described in Art. 5.4.1 
with a =0015. The spectra for interacting forces show small differences: and 
the maximum value is equal to 1.104 in all cases. This maximum occurs at a 
frequency ratio cP = 1.0. The spectra for amplification factors for moment 
v 
and deflecti.on at midspan are undulatory and the peak values of these undula-
tions occur at a value of CPv close to 006, a result in agreement with Ref. 17. 
For the slope ratios k2/~ of 0, 0.1 and l,themaximum amplification factors 
for midspan moment are 1.000, 1.088 and 1.182, respectively, and for midspan 
deflection these maximums are 1.508, 1.315 and 1.218, respectively .. Although 
the magnitudes of the various curves reflect the sensitivity of the results 
tok2/kl , the general effect of the frequency ratio is the' same for both 
elastic and :inelastic behaviors . Lata is sum..marized in Table 5 .. 11. 
5.4.3 Weight Ratio. The effect of we'ight ratio is, investigated 
for values of Rin the range between 0.1 and 1.0. ,The' speed parameter 
a= 0.15'and the remaining'parameters are the same as the ones discussed.in 
section 5.4.10 The results are shown in Fig. 5.31 and in Table·5.12 .. Inthis 
figure it is observed that the dependence of the interacting force uponR is 
independent of the slope ratio k2/~ up to a value R = 0 .. 4; for larger values 
of R -the curves corresponding to ratios k2/~ .of 0, 001 and 1 increase at 
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different rates and.the peak values of interacting forces are· 1 .. 264, .1.192 
and 10199.9 respectively, at R·:::: 1 .. The spectra for·amplification.factors for 
midspan moment are not markedly. sensitive to R and level off with maximum 
values 10000, 10067 and 1.154 corresponding ·to the ratios k2/~ of 0" 0.1 and 
1,. respectively. The spectra for amplification.factors for midspan deflection 
.for k2/kl :::: 0 arid 0.1 show a nearly uniform increase as R. increases. The 
maximum values for k2/~ :::: 0 and 0.1 are: 1.836 and 1.471, respectively, and 
occur at a value R :::: 1 .. For the elastic case, k2/~::::1, the spectrum levels 
off with. a peak value 1.246 at R :::: 0.6 
505 Comparison of Bilinear Elastic and Inelastic Beam Behaviors 
The bilinear inelastic solutions'which have been presented thus far 
are representative of the behavior ofa steel beam and slab type bridge. It 
is of interest to contrast this behavior with the elastic bilinear behavior 
which is considered to be representative for prestressed concrete bridges. 
Such a comparison. is presented in the :foI"m of history curves in.Figs .. 5.32 and 
5.33.·A distributed mass model with 15 joints and.parameters k2/lJ.. :::: 0.1, 
* * a:::: 0.15.~ R = 0.2 andM=M. + is considered. y Su 
In Fig. 5.32 the·dynamicincrement curves·for deflection· and moment 
at.midspan for a single-axle smoothly.moving vehicle with parameters CPt :::: 0.7J 
CPts :::: 0.4 and IJ.. = 0015 are shown. It is observed.that once the beam·yields 
at midspan.9 .at a load position vt/L:::: 0.45, the bilinear inelastic behavior 
produces' larger values for deflection but smaller values for moments. .The 
deflections can be. explained with reference to Fig .. 2 .. 2 since after' yielding 
occurs unloading takes place in the inelastic beam.along a.line parallel to 
the initial slope decreasing the' moment values at a .relatively.fast -rate but 
retaining a . plastic kink, .while the elastic' behavior unloads along :the original 
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loading path but without aplastic kink .. After ·the vehicle· leaves the bridge 
the inelastic beam underg,oes free vibration with a permanent set represented 
by a line parallel to the horizontal axis at a level dependent upon the size 
of the plastic kink. No pennanent defonnations result for the bilinear elastic 
behavior o.A comparison of the history curves for interacting force is' not 
included since the bilinear inelastic is presented in Fig. 5.12 and the curve 
for the bilinear elastic behavior' is very si.rnilar. " In both cases the maximum 
interacting force is 1.071 W . and is obtained before the beam reaches its 
v 
yielding point . 
. In Figs. 5 .33aand 5 .33btime histories for a two-axle smoothly 
. moving vehicle wi th an axle spacing 's/1= 0.3,. having' identical axles with a 
static reaction per axle of W / 2 and· parameters' CPt = o. 7, CPt = 0.·4 and ~= 0.15 v . s 
are presented. . From Fig. 5033a it ·is observed that yielding. starts . when the 
front axle is approximately at midspan and the interacting.forces incTease to 
obtain a maximum value which· is slightly ,largerfbr'both axles in the case of 
the bilinear elastic' behavior. .For the bilinear-elastic and· inelastic behavior 
the maximum values are 1.080 and 1.073 for the front axle, ,respectively, .and 
the corresponding'maximums for the rear -axle are '1.071 and 1.063, . respectively. 
In .Fig. ·5 .33b the dynamic increment curves for deflection and moment at midspan 
.are shown and compare in about the .same way. as. in the case ·of a· one-axle 
: smoothly rolling :load. 
5 .• 6 . 'Effect of Number of Vehicle Crossings 
The effect of the number of vehicle cros.sings is presented in 
. Figs. 5.34 through 5.42 and in Tables 5.13 through .5.15. ,It is assumed that 
the" bridge has come to rest before each vehicle crossing. .A distributed mass 
'model with l5 joints, . bilinear inelastic behavior, ex = 0.15, R= 0.2 and 
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* * .My = Mst lIDless otherwise· indicated is considered. The loading. consists of 
either a single or a . two-axle load considering the constant force" smoothly 
moving and initially.oscillating cases. Two 'slope ratios k2/h ::;:: 0 and 0.1 
are considered . 
. InFig. 5.34 history curves for deflection at midspan corresponding 
to the number of vehicle crossings indicated are· shown for a single moving 
constan~ force. From thef:Lgureit can.beseen.that the deflections converge 
to a limiting value and the change·in the rate'of convergence as the. number of 
crossings increases can be seen. ,The corresponding· maximum amplification 
factors are tabula ted .. in the lower part of Table 5.13 . For the first few 
.crossings the deflections increase rapidly but after vehicle crossing:number 6 
the rate of convergence to the limit is very. low.;" The, total· momen ts for 
vehicle crossing number 13 are practically the same as the ones shown for a 
single vehicle crossing with a perfectly elastic solution in Table 5.4 .. In 
Fig. 5035 only the corresponding dynamic increments of moment at midspan for 
vehicle crossings number 1, 3 and 13 are presented .. Vehicle crossing : number 3 
produces a .response that is very close·to the one corresponding to crossing 
. mx.rnber13. It was found .that the history for crossing: number ·13 was nearly 
. identical to· the corresponding :plot for· the perfectly elastic case with one 
crossing. Thus when. the deflection·limit ·is reached the beam is -responding 
elastically since the joints. in which a plastic kink has formed are unloading 
. and reloading along a line parallel to the.initial loading:line and no further 
changes can take place. A limiting condition also· re<1uires that the inter-
acting force remains unchanged.for each,vehicle·crossing. ,Differences'in 
behavior can be expected when a.sprung vehicle rather than.a moving ,constant 
force is consideredo 
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In Fig. 5~36 history curves for midspan deflection for a single-axle 
smoothly moving vehicle with parameters CPt = 0·7, CPts = 0.4 andlJ. = 0.15 are 
presented. The slope ratio k2/~ is equal to 0.1. ,Even though there is con-
vergence in deflections there is no upper limit since the loading :is of the 
sprung type and every vehicle crossing produces different interacting forces 
which in turn produce a different dynamic response. The rate of change of the 
response level decreases rapidly. In Fig. 5.37 the dynamic increments· of 
midspan moment are plotted for the crossings number'l, 3 and. 7. The response 
of crossing:number 3. is very close to crossing number 7 but any additional 
vehicle crossing:will produce a slightly different response. The existence 
of a.limiting condition cannot be demonstrated as above. The corresponding 
data is given in Table 5.14. 
In Fig. 5.38 the history curves of amplification factors for;deflec-
tion at midspan are presented for a two-axle smoothly. moving vehicle with axle 
spacing slL == 0.3. The two axles are identical with a static reaction per 
0.4 and. IJ..= 0.15. Tb.eslope ratio k2/h has the 
value 0.1. Since the loading is a sprung vehicle there.is·no apparent upper 
limit for the response as was seen in the case· of a single constant force·. 
The differences in the deflection decre?-se as the. number of vehicle crossings 
increases but are more pronounced than for the single-axle vehicle. This 
observation is reflected in Fig. 5.39 where the dynamic increment curves for 
moment at midspan for the vehicle crossings number 1,.3 and 8 are plotted . 
. Numerical data is tabu~ated in Table 5.15 . 
. To emphasize the rate at which the response changes with the number 
of crossings spectrum curves are presented in Figs. ·5.40 through ·5.42 where 
various yield levels and slope ratios are compared and the effect of initial 
oscillation and number of axles is included. 
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Figure 5.40 corresponds to a .single moving. constant force. For the 
* * * * ratio k2/~ = 0 two yield levels are compared:My = Mst and My =1.021 Mst' 
ioeo, I = 0.95. For the elasto-plasticbeam behavior the deflections increase 
linearlYJ essentially without limit, with the number of vehicle crossings. 
The moments are of course lLmited to the yield level and are independent of 
the vehicle crossings. For the ratio k2/S = 0.1 the rate at '~hich the curves 
approach a nearly lirrliting'response level can be observed •. 
~ 
Figure 5.41 presents a canparis,on between the single and two-axle 
smoothly moving vehicles. The single-axle sprung :vehiclewith ratio k2/~1 = 0 
shows a linear variation for deflections w.hich increases essentially without 
limit. The moments are of course at a constant level. ,For the ratio k2/~ = 0.1 
the curves for the single-axle load level off faster than for the corresponding 
curves for the two..:axle. vehicle. The " ratio of the amplification factor for 
mid.span deflection for the two-axle load to the corresponding value for the 
single~·axle load. shows a .linear variation with the, .number of vehicle crossings 
and has the value 1.02 for the first crossing and 1.13 for 'crossing:number·7 . 
. In the case, of moments the ratio ofaniplification factors has the value 1.05 
in all caseso 
In Fig. 5.42 the two-axle sprung vehicle· for the.smoothly moving 
. case is compared with the corresponding vehicle with, an ,initial force-variation 
of 15 percent of ,the static value. ,The slope ratio.k2/S is equal to 0.1.' 
The effect of initial oscillation, as would be' expected, ,:rroduces.larger 
moments and deflections. The' r~tio of' response for the initial oscillating 
vehicle to the correspoytding effects for the smoothly. rolling :vehicle ,is equal 
! 
to·l.18 for deflections for. each vehicle crossing andl.07for:moments after 
the second crossing. 
6. SUMMARY AND CONCLUSIONS 
6.1 Summary 
A numerical method and a computer program have been. developed for 
the computation of the dynamic response of simple-span high';vay bridges in the 
inetlastic range of deformation under the action of moving vehicles. The bridge 
has been idealized as a single beam represented by a series of rigid bars of 
e~ual length connected by flexible joints. Consideration has been given to 
two different moment resistance diagrams for the beam, bilinear inelastic and 
bilinear elastica Two beam models have been studied considering the mass of 
the beam to be either distributed along the bars or concentrated at point 
masses placed at the joints. Considering -perfectly elastic behavior a comparison 
was made also with a third beam model developed by Huang (9) which assumes 
distributedflexibili-qr and a series of concentrated masses. The vehicle has 
been represented as a sprung load unit having one) two or three axles taking 
intoaccaUn~ the effect of interleaf friction: in the vehicle suspension. 
An exploratory set of solutions was obtained analyzing the various 
parameters entering into the problem and the-results are presented in the form 
of tables J spectrum and time history curves for·interactingforces,.moments 
and deflections and their corresponding dynamic increments. 
6.2 Conclusions 
Conclusions from this· study. are" of course, . drawn in the light of 
the exploratory nature of the results. .Many of the parameters would require 
more detailed.study·topermit further generalization. The·principal results 
of the investigation are slLmmarized as follows ~ 
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(1) The numerical results obtained with the different bridge'models 
show nearly identical results ani.comparablerela ti ve accuracy. . The accuracy 
is improved using :models with a large number of flexible joints and taking a 
sufficiently large number of integrating steps. For elastic solutions 7 
flexible joints are adeCluate whereas for inelastic behavior 15 flexible joints 
are required. The iterative procedure gave results identical to the non-
·iterative procedure provided that a suitable iteration tolerance was used; 
.the tolerance set on deflections was 10-~W L3/EI. The values suggested for the 
, v 
ratio N/N are 1.7 for iterative procedures and 1.·5 for methods without 
cr 
iteration .. 
(2) The most significant parameters describing· the inelastic behavior 
of the· bridge are the slope· ra tio, .k2/~' and the yield moment . level denoted 
ina non-dimensional form by,. The most· striking effect arising.from the 
development of inelastic action is the marked increase in.deflections, 
particularly for elasto-plastic behavior, ,k2/h = O. Specifically it is seen 
that: 
. (a) The bridge system:reaches its yielding moment when the lead 
* * is approximately at midspan for My = M
st ' . For' the two-axle vehicle with equal 
static axle loads this corresponds to the front axle at midspan and for the 
three-axle load unit it refers to the first heavy axle, that is, ,the' inter-
·media te axle at midspan. 
(b) Once the system becomes inelastic· large deflections develop 
and the dynamic response of the system is sensitive to the'slope:ratios k2/kJ. . 
. Aswould be expected, for' k2/~ = 0 the' largest deflections are deve10ped;, the 
maximum moments, of cours8,.are limited to the specified yield level. Consider-
ationof a finite second.slope,k2/~'· as low· as .0005 significantly reduces the 
deflections. This result emphasizes the i±nportanceof strain hardening .. In 
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the history curves.? there is a progressive ,phase shift in the def'lections with 
respect to the elastic solution with decreasing values of k2/kl " For the 
single-axle load, once the beam yields J the contribution of higher modes to 
the moments increases as the ratio k2/kl decreaseso Except for the elasto-
plasti.c case) the peaks of the interacting forces -are independent of the 
values of k2/Y"J.. 
(c) The dynamic response of the bridge is very sensitive to 
the yield level in the moment resistance diagram of the beam. For the elasto-
plastic case the sensitivity to yield level) r~ is most noticeable in the 
deflections 0 For the lowest value of r considered the amplification factor 
for deflection for a two-axle smoothly moving vehicle is 3.335,9 greater than' 
twice that for a single-axle loado Considering three axles.9 however, reduces 
the deflections again to nearly the level for the single-axle caseo This 
reduction could be explained with reference to the sensitivity of the response 
to r for the two-axle vehicle. 
The parameters CL,9 cp and R are fundamental parameters in 
v 
descrihing,the bridge-vehicle system.? and were studied for a smoothly moving 
vehicle 0 T.i1e following conclusions may be drawn : 
(a) The most significant parameter is the speedparametera. 
In the single-axle case~ except for the value a= 0012 for which the system 
remains elastic, there is an increase in the response with increasing values 
of eto The two-axle vehicle was studied for axle spacings corresponding to 
(s/1)/o, =2, known to be the critical axle spacing 'in the elastic caseo The 
results again showed increasing -response with increasinga. Larger deflections 
were' obtained, 8 1f course, for the two-axle vehicle. 
(b) The frequency ratio and weight ratio parameters 'produce 
significant variations in the response when studied independently 0 The trends 
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are similar to those reported for the elastic system, (17) ioe., maximum 
deflections occur for cp about equal to 0.6, and deflections increase with 
v 
increasing E. Both R and ~ produce a nearly linear increase in the peak 
v 
values of the interacting forces. 
(c) Among .the various combinations of a,~v' and R considered 
the absolute maximum dynamic deflection for the elasto-plastic case was about 
2.4 times the corresponding value for the elastic system. 
(4) A comparison was made between the elastic and the inelastic 
bilinear forms of bridge behavior .. Ine~asticbehavior produces larger deflec-
tions, smaller moments and a permanent set. 
(5) A study was made of the effect of repeated vehicle crossings 
and it was seen that: 
.(a) For a constantforce·loading and a ratio k2/S 1= 0, the 
dynamic deflections converge to a limiting value after 13 vehicle crossings. 
At the limiting condition the history curve for dynamic increments for 
moments was found.to be identical. to that for. a perfectly elastic system. 
(b) As would be expected for both a constant force and a sprung 
vehicle with k2/~ = 0 the deflections increased linearly without.limitas the 
number of vehicle crossings increased. For example, after 7 crossings of the 
moving constant force the amplification factor for deflection is about 3.3 
and increases by 0.3 with each crossing. 
(c) For a sprung: load the interacting forces show small increases 
in value with increasing 'number of vehicle crossings. Thus it was not possible 
to establish a limiting condition for deflections for-k2/~ 1= O. Consecutive 
vehicle repetitions produce a smaller increase in response for the single-axle 
load than for the two-axle vehicle. 
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TABLE 4.1 EFFECT OF ITERATION TOLERANCE ON ACCURACY AND ON NUMBER OF CYCLES 
REQUIRED FOR THE SOLUTION--S INGLE MOVING CONSTANT FORCE 
Quantity 
y (1/4) 
y (l/2); 
, y(3/4) 
M (1/4) 
M (1/2) 
M (3/4) 
Cyc 1 es 
y (1/4) 
y(1/2) 
y(3/4) 
M (1/4) 
M(1/2) 
M (3/4) 
Cyc'les 
y(1/4) 
y (1/2) 
y (3/4) 
M (1/4) 
M (1/2) 
M (3/4) 
eye 1 es 
Elastic System~ a = O. 15, ~b = 0 
Tabulated values representmaxlmum effects at sections considered. 
Deflections are expressed in terms of WvL3/EI and Moments in terms 
of WvL. Tolerance values are on deflection and are ~lso expressed 
in'terms of WvL3/EI. 
Static 
Value 
0.01465 
0.02148 
0'.01465 
0.1875 
0.2500 
0.1875 
0.01468 
0.02112 
0.01468 
0.1875 
0.2500 
0.1875 
0.01468 
0.02112 
0.01468 
0.1875 
0,.2500 
0.1875 
Tolerance 
Distributed Mass Model, 7 joints, N = 600 
0.01693 
0.02478 
0.01735 
0.2041 
0.2803 
O. 1920 
1202 
0.01693 
0.02478 
0.01735 
0.2041 
0.2803 
O. '1920 
1202 
0.01693 
0.02479 
0.01736 
0.2043 
0.2805 
O. 1922 
1240 
0.01693 
0.02479 
0.01736 
0.2046 
0.2808 
0.1930 
, 2358 
0.01693 
0.02479 
0.0'1736 
0.2046 
0.2807 
0.1935 
3546 
Distributed Mass ,Model, 11 joints, N = 1500 
0.01689 
0.02454 
0.01733 
0.2081 
0.2812 
0.1993' 
3002 
0.01689 
0.02454 
0.0'1733 
0.2081 
0.2812 
0.1993 
3002 
0.01689 
0.02454 
0.01733 
0.2081 
0.2812 
0.1993 
3002 
0.01689 
0.02454 
0.01733 
0.2082 
0.2814 
0.1998 
4723 
0.01689 
0.02454 
0.01733 
0.2083 
0.2811 
0.1998 
6564 
Concentrated Mass Model, 11 joints, N = 1000 
0.01693 
0.02455 
0.01730 
0.2066 
0.2818 
0.1938 
2002 
0.01693 
0.02455 
0.01730 
0.2066 
0.2818 
0.1938 
2002 
0.01693 
0.02455 
0.01730 
0.2066 
0.2818 
0.1938 
2002 
0.01693 
0.02455 
0.01730 
0.2070 
0.2818 
0.1948 
3512 
0.01693 
0.02455 
'0.01730 
0.2065 
0.2819 
0.1940 
3977 
Procedure 
No. 4 
0.01693 
0.02479 
0.01736 
0.2046 
0.2808 
0.1935 
0.01689 
0.02454 
0.01733 
0.2083 
0.28'12 
0.1997 
0.01693 
0.02455 
0.01730 
0.2066 
0.2817 
0.1943 
TABLE 4.2 EFFECT OF NUMBER OF INTEGRATION STEPS ON MAXIMUM VALUES OF RESPONSE--SINGLE MOVING CONSTANT FORCE 
Elastic System, a ::: 0.15, ~b :::.0, Iteration To·1erance ::: 10-6WvL~/EI 
Deflections are expressed in terms of W L3/EI and Moments in terms of W L. 
v v 
Quantity Procedure .. 1 Procedure 2 Procedure 4 
NINer 
y (1 14) 
y (1 I 2) 
y (3/4) 
M(1/4) 
M(1/2) 
M(3/4) 
Cyc 1 es 
N/Ncr 
y (1 14) 
y (1/2) 
y(3/4) 
M(1/4) 
M (1/2) 
M (3/4) 
Cycles 
Distributed Mass Model ~ 7 Joints 
N ::: 400 
1 • 12 
0.01803 
0.02629 
0.01840 
0.4855 
0.7251 
0.5976 
5367 
N ::: 500 
1.40 
0.01694 
0.02478 
0.01735 
0.2041 
0.2802 
0.1917 
1002 
N ::: 600 
1.68 
0.0'1693 
0.02478 
0.01735 
0.2041 
0.2803 
0.1920 
1202 
N ::= 500 
1. '14 
0.01693 
0.02478 
0.01736 
0.2046 
0.2814 
0.1930 
N ::: .600 
1,37 
0.01693 
0.02478 
0.01736 
0.2046 
0.2829 
0.1936 
N ::: '1000 
2028 
0.0'1693 
0.02479 
0.01736 
0.2042 
0.2808 
0.1940 
Distributed Mass Model, 11 joints 
N ::: 1000 N::: 1200 N::: 1500 
1 .20 1 .44 1 .80 
0~01792 
0.02582 
0.01817 
0.9701 
1.3548 
0.9611 
9216 
0 .. 0'1689 
0.02454 
0.01733 
0.2080 
0.2813 
0.1992 
2402 
0.01689 
0.02454 
0.01733 
0.208'1 
0.2812 
O. 1993 
3002 
N ::: 1050 N::: 1200 N::: 1500 
1.03 1.18 1.47 
0.01689 
0.02454 
0.01733 
0.2082 
0.2819 
0.1998 
0.01689 0.01689 
0.02454 0.02454 
0.01733 0.01733 
002081 
0.2819 
0.1998 
0.2082 
0.2816 
0.1999 
N ::: 400 
1. 58 
0.01694 
0.02480 
0.01736 
0.2045 
0.2795 
0.1919 
N ::: 600 
1.02 
0.01689 
0.02455 
0.01733 
0.2089 
0.2826 
0.1998 
N ::: 500 
1. 98 
0.01693 
0.02479 
0001736 
0.2043 
0.2807 
0.1928 
N ::: 800 
1.36 
0.01689 
0.02455 
0.01733 
0.2082 
0.2818 
0.1993 
N ::: 600 
2.37 
0.01693 
0.02479 
0.01736 
002046 
0.2808 
001935 
N ::: 1500 
2.55 
0.01689 
0.02454 
0.0'1733 
002083 
0.2812 
001997 
I 
-:] 
\.0 
.. 
TABLE 4.2 (continued) 
Quantity Procedure Procedure 2 Procedure 4 
Concentrated Mass Model, 11 Joints 
N = 600 N= 800 N = 1000 N = 800 N= 1000 N = '1200 N = 400 N = 500 N.= 800 
NINer 1. 21 1.62 2.02 1.32 ] .66 1. 99 1. 15 1 .43 .... 2.29. 
y(1/4) 0.01779 0.01693 0.01693 0.01694 0.01693 0.01693 0.01693 0.01693 0.01693 
y(1/2) 0.02572 0.02454 0.02455 . 0.02455 0.02455 0.02455 0.02454 0.02454 0.02454 
Y (3/4) 0.01824 0.01730 0.01730 0~01731 0.01731 0.01731 0.01730 0.01730 0.01730 
M (1/4) 0.7169 0.2066 0.2066 0.2066 0.2065 0.2064 0.2069 0.2071 0.2066 
M(1/2) 0.9900 0.2818 0.2818 0.2817 0.2819 0.2816 0.2817 0.2823 0.2818 
M (3/4) 0.7033 0.1938 0.1938 0.1942 0.1947 0.1949 0.1932 O. 1946 0.1939 I 
en 
Cycles 3792 1602 2002 0 t 
-8l-
TABLE 4.3a EFFECT OF NUMBER OF FLEXIBLE JOINTS ON RESPONSE AT MIDSPAN 
AND QUARTER POINTS--DISTRIBUTED MASS MODEL 
Quantity 
y(1/2) 
(AF) D 
at 
~ = 1/2 
M(I/2) 
(AF) M 
at 
~ =1/2 
(AF) M 
at 
~ = 1/4 
(AF) M 
at 
~ = 3/4 
R(l .0) t 
Proc. 
No. 
1 
2 
4 
1 
2 
4 
1 
.2 
4 
1 
2 
4 
1 
2 
4 
1 
2 
4 
Elastic Syst~m for a Single Moying Constant Force,O = 0.15, 
~b = O~ Iteration Tolerance = 10-6WyL3/EI, NINcr ~ 1.5 
Deflections are expressed in terms of WyL3/EI, Moments in 
. terms of WyL and Reactions in terms of Wy . 
Maximum Response Value for Number of Joints, n, shown 
n = 3 n = 5 n = 7 n = 9 n = 1 i n = 13 n = 15 
0.02684 0.02504 0.02479 0.02463 0.02454 0.02447 0.02449 
0.02685 0.02503 0.02480 0.02462 0.02454 0.02447 0.02449 
0.02680 0.02506 0.02478 0.02463 0.02454' 0.02447 0.02448 
1.145 
10146 
1.144 
0.2752 
0.2756 
0.2778 
1.101 
1.102 
1. 111 
1.102 
1.103 
1.118 
0.952 
0.953 
0.981 
1 • 131 
1.139 
1.138 
1.139 
f"I '")"7(").-, 
U.t..IO';) 
0.2797 
0.2783 
1 .113 
1.119 
1. 113 
1.021 
10154 
1.154 
1.153 
0.2816 
0.2795 
0.2829 
1.126 
1.118 
1 • 132 
1.095 
1.091 
1.0.91 
1.036 
i .023 
] .032 
1.048 
1.159 
1.159 
1.159 
0.2805 
0.2805 
0.2809 
1.122 
1.122 
1.123 
0.971 
1 .162 
1.162 
1.162 
(i ')Q1':> 
V '.£.U I v 
0.2820 
0.2816 
1.125 
1.128 
1.126 
1.110 
1.110 
1.110 
1 .062 
1.063 
1.066 
1.019 
1.163 
1.163 
1.163 
0.2836 
0.2840 
0.2840 
1 .134 
1.136 
1.136 
0.999 
1.166 
1.166 
1.166 
0.2827 
0.2830 
1.131 
1.131 
1.132 
1.088 
1.088 
1.088 
1.031 
1.033 
1.030 
0.999 
t The Maximum Reaction at the Left-Hand Support, R(O) ~ is equal to the 
Static Load Wy in all cases~ 
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TABLE 403b EFFECT OF NUMBER OF FLEXIBLE JO~NTS ON RESPONSE AT MiDSPAN 
AND QUARTER POINTS--CONCENTRATED MASS MODEL 
Quantity 
y (1/2) 
(AF) D 
at 
~ = 1/2 
M(1/2) 
(AF) M 
at 
~ = 1/2 
(AF'M 
at 
~ = 1/4 
(AF) M 
at c" 
~ = 3/4 
R(1 .0) t 
P roc. 
No. 
1 
2 
4 
2 
4 
1 
2 
4 
1 
2 
4 
2 
4 
2 
4 
Elastic·System for a Single Moying Constant Force,. a = 0.15, 
f3 b = 0 ~ I t era t ion Tole ran c e = 1 0 - 6W y L 3 IE!, NI Ncr :::: 1. 5 
Deflections are expressed in terms of WyL3/E.I, Moments in 
terms of WyL and Reactions in terms of Wy . 
Maximum Response Value for Number of Joints, n, shown 
n = 3 n = 5 n = '7 n = 9 n = 11 n = 13 n = 15 
0.02723 0.02509 0~02477 G.02465 0.02454 0.02451 
0.02708 0.02509 0.02476 0.02465 0.02454 0.02451 
·0.02715 0.02508 0.02480 0.02464 0.02455 0.02451 
1.162 
1.155 
.1.158 
0.2767 
0.2715 
0.2744 
L 107 
1.086 
1.098 
1.160 
1.160 
1.155 
1.079 
1.065 
1.045 
1.1.91 
1.141 
1 .141 
1.141 
0.2754 
0.2752 
0.2766 
1.102 
1.101 
1.106 
0.979 
1.153 
1. '152 
1.154 
0.2809 
0.2815 
0 .. 2790 
1.123 
1.126 
1 • 1 ~ 6 
'1.097 
1.097 
1.099 
1.002 
0.996 
0.977 
1.020 
1.160 
1 ~ 160 
1.159 
0.2805 
0.2812 
0.2819 
1 ~ 122 
1.125 
L 128 
1.016 
1.162 
1.162 
1.162 
0.28'17 
0.2823 
0.2820 
1.127 
1.129 
1.128 
1.102 
1.104 
1.102 
1.034 
1:.038 
1.046 
1.0'18 
1.165 
1.165 
1.165 
0.2799 
0.2805 
0.2805 
1.120 
1.122 
1.122 
1.018 
0.02450 
0.02450 
0.02450 
1.167 
1.167 
1.167 
0.2789 
0.2792 
0.2799 
1.116 
1 •. 117 
1.120 
1.083 
1.084 
1.085 
0.997 
0.997 
1.003 
1 .018 
t The Maximum Reactio~ at the Left-Hand Support, R(O), is equal to the 
Static Load W in a.11 cases. 
v 
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TABLE 5.1 EFFECT OF ITERATION TOLERANCE ON ACCURACY AND ON NUMBER OF CYCLES 
REQUIRED FOR SOLUTION--S INGLE MOVING CONSTANT FORCE 
Quantity 
y(1/4) 
y(1/2) 
y (3/4) 
M(1/4) 
M (1/2) 
M (3/4) 
Cycles 
... 1... ...! .. 
Elasto-Plastlc System, a = 0.15, ~b = 0, R = 0.2, M~ ~ M=~ Y 5L 
Tabulated values represent maximum effects at sections considered. 
Deflections are expressed in terms of WvL3/EI and Moments in terms 
of WvL. Tolerance values are on deflection and are also expressed 
. in terms of WvL3/EI. 
Static Tolerance Procedure 
Value 10-3 10- 5 10- 6 . 10-7 
n No. 3 10- 0 
Distributed Mass Mode 1, 11 joints, N = 1500 
0.01468 0.01834 0.01834 0.01834' 0.01834 0.01834 0.01835 
0.02112 0.02858 0.02858 0.02858 0.02858 0.02858 0.02860 
0.01468 0.01961 0.01961 0.01961 0.01961 0.01961 0.01962 
0.1875 0 .. 2081 0.2081 0.2081 0.2082 0.2083 0.2082 
0.2500 0.2500 0.2500 0.2500 0.2500 0.2500 0.2500 
0.1875 0.1833 0.1833 0.1833 0.1842 0.1838 0.1842 
3002 3002 3002 4756 6692 
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TABLE 5.2 EFFECT OF NUMBER OF INTEGRATION. STEPS ON MAXIMUM VALUES OF RESPONSE--
. SiNGLE MOViNG CONSTANT FORCE 
Quant i ty 
N/Ncr 
y(1/4) 
y (1/2) 
y (3/4) 
M(1/4) 
M(1/2) 
M (3/4) 
Cycles 
N/Ncr 
y(1/4) 
y(1/2) 
y (3/4) 
M(1/4) 
M(1/2) 
M(3/4) 
Cycles 
. E1asto-P1astic System,.a ='0.15, ~b = 0, R = 0.2, 
Iteration Tolerance = 10-5w l3/E! M°i';- = M°i';-y ., y s t 
Deflections are expressed in terms of Wy l3/EI and Moments in terms 
.ofWvL. 
Procedure 1 Procedure 3 
Distributed Mass Model, 11 joints 
N.= 1000 'N =1200 N.= 1500 
.1 ~ 20 1 .44 1 .80 
0.01839 
0.02863 
0.01964 
0.2129 
0.2500 
0.1877 
8685 
0.01833 
0.02857 
0.0'1960 
0.2080 
0 .. 2500 
0.1832 
2404 
0.01834 
0.02858 
0.01961 
0.2081 
0.2500 
0.1833 
3002 
N = 1200 N,= 1500 N.=20bo 
1.18 1.47 1.96 
0.01834 
0.02859 
0.01961 
0.2081 
0.2500 
0.1841 
0.01835 
0.02860 
0.01962 
0 .. 2082 
0.2500 
0.1842 
0.01834 
0.02858 
0.01961 
0.2084 
0.2500 
0.1834 
Distributed Mass Model, 15 joints 
N = 2000 N = 2500 N = 3000 
] .33 1 • 66 1 .99 
0.01811 
0.02890 
0.01995 
0.2127 
0.2500 
0.1935 
10788 
0.01808 
0.02873 
0.01981 
0.2039 
0.2500 
0.1836 
5002 
0.01808 
0.02874 
0.01982 
0.2039 
0.2500 
0.1835' 
6002 
N = 2000 N = 2500 N= 3000 
1 .08 1 .36 1. 63 
0.01808 
0.02872 
0.01980 
0.2041 
0.2500 
0.1845 
0.01808 
0.02872 
0.01980 
0.2040 
0.2500 
0.1847 
0.01808 
0.02872 
0.01980 
0.2039 
0.2500 
0.1846 
TABLE 5.3a EFFECT OF NUMBER OF FLEXIBLE JOINTS ON RESPONSE AT MIDSPAN 
AND QUARTER POINTS--S!NGLE MOVING CONSTANT FORCE 
Quantity Proc. No. 
3 
(AF) D at 
~- 1/2 3 
(AF)M at t 1 
~ = 1/4 3 
(AF)M at 
~ = 3/4 
R (1 . 0) ";k"k 
1 
3 
E1as~o-P1astic System, Distributed Mass Model, a = 0.15, 
~b = 0, Jteration Tolerance = 10- 6WvL3/EJ, N/Ncr ~ 1.5, Mil, = M;', 
y st 
Defl ect·ions are expressed in terms of WvL3/E I and React ions 
.in terms of Wv . 
For R = 0.2 
Maximum Response Value for Number of Joints, n, shown 
n = 3 n = 5 n = 7 
0.02941 
0.02951 
1 .• 255 
1.259 
1.102 
1.118 
1.011 
1.027 
1.056 
0.02856 0.02848 
_. ".- . -, .. _._-- ._.... . ..•. __ ...•.. --
0.02851 0.02840 
1.299 
1.297 
1.094 
1.325 
1.322 
1.094 
.1.091 
0.958 
0.946 
1.068 
n = 9 n = 11 n = 13 n = 15 
O. 02860 __ . 0_.Q2_~_;>Z.Q ... QfJ3_§1 _.Q.Q2J~}_3 ___ . 
0.02865 0.02860 0.02881 0.02872 
1.346 
1.348 
1.050 
1.353 
1.354 
1.110 
1.110 
0.977 
0.982 
1.108 
1.369 
1.369 
1.112 
1.368 
1.368 
] .088 
1 .. 088 
0.980 
0.984 
1.079 
t In all cases,. M(1/2) = 0.2500 WvL and (AF)M= 1.0 at ~ = 1/2 . 
. ;'~~', 
The Maximum Reaction at the Left-Hand Support, R(O), is equal to the 
Static Load Wv in all cases. 
TABLE 5. 3b EFFECT OF NUMBER OF FLEX I BLE JO I NTS ON RESPONSE AT MIDSPAN 
AND QUARTER POINTS--SINGLE MOVING CONSTANT FORCE 
Quantity Proc. No. 
y(1/2) 1 
3 
(AF) D at 1 
~ =1/2 3 
(AF)M at t 
~ = 1/4 3 
(AF)M at 1 
~ = 3/4 3 
... t ..... y .. 
RO.O)"" . 1 
t 
,i n all cases 9 
--;'(,,;', 
Elasto-Plastic System, Distributed Mass Model, a = 0.15, 
~b = Of Iteration Tolerance = 10-6WyL3/EI, NINcr ~ 1.5, M* - MX . y - st 
Deflections are expressed in terms of WyL3/EI and Reactions 
in terms of Wy . 
For R = 00 (Wb = 0) 
Maximum Response Value for Number of Joints, .n, shown 
n = 3 n = 5 n = 7 n = 9 n = 11 n = 13 n = 15 
0.02941 0.02856 0.02848 0.02861 0.02883 0.02981 0,02976 
0.02951 0.02851 0,02840 0,02866 0.02'886 0.02982 0.02974 
1.255 1 .. 299 1.325 1.346 1,365 1.417 1.418 
1.259 1.297 1.322 1.349 1.366 1.417 1.417 
1.102 '1.094 1.110 1.088 
1.118 1.091 1.110 1.088 
1.011 0.952 1.053 1.019 
1.027 0.946 1.056 1.020 
1 .056 1 .094 1.051 1.131 1.134 1.193 1.103 
M (1/2) = 0.2500 WyL and (AF) M = 1.0 at S = 1/2. 
The Maximum Reaction at the Left-Hand Support, R (0) , is equal to· the 
Static Load Wv in a 11 cases. 
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TABLE 5.4 EFFECT OF SLOPE RATIO OF RES1STANCE DIAGRAM. OF BEAMON 
MAXIMUM VALUES OF RESPONSE-~SINGLE-AXLE LOAD 
Quantity 
y(1/4) 
y(1/2) 
y (3/4) 
M(1/4) 
M (1/2) 
M(3/4) 
R (1 .0) 
tt 
y (1/4) 
y (1/2) 
y (3/4) 
M (1/4) 
M (1/2) 
M (3/4) 
P 
R (1.0) 
tt 
Bll inear Inelastic System with M~ = M~t, a = O. 15, ~b = 0, 
R = 0.2, N = 2500, N/Ncr = 1.66, 
Iteration Tolerance = 10- 6WvL3/EI 
Distributed Mass Model, n = 15 joints 
Deflections are expressed in terms of WvL3/El, Moments in 
terms of WvL and Reactions in terms of Wv ' 
S ta tic 
Val ue 
0.01465 
0.02100 
0.01465 
0.1875 
0.2500 
0.1875 
J .000 
0.01808 
0.02873 
0.01981 
0.2039 
0.2500 
0.1836 
1.081 
8(0.47) 
9(0.54) 
Maximum Response Value 
(a) Constant Force 
0.01721 
0.02663 
0.01828 
0,2039 
0.2609 
0.1821 
1.052 
8(0.47) 
9(0.54) 
0.01699 
0.02581 
0.01782 
0.2039 
0.2665 
0.1824 
1.017 
8 (0.47) 
9(0,53) 
0.01690 
0.02517 
0.01752 
0.2039 
0.2721 
0.1833 
0.989 
8(0.47) 
9 (0.53) 
(b) 
0.01465 
0.02100 
0.01465 
Sprung Load with ~t = 0.7, ~ts = 0.4, ~ = 0.15 
0.1875 
0.2500 
0.1875 
1.000 
1.000 
0.01811 0.0]763 0.01754 0.01745 
0.02804 0.02663 0.02610 0.02561 
0.01875 0.01769 0.01741 0.01718 
0.1965 
0.2500 
0.2124 
1.074 
0.974 
7(0.43) 
8 (0.45) 
0.1965 
0.2608 
0.2087 
1.071 
0.949 
7(0.43) 
8 (0.45) 
0.1965 
0.2668 
0.2061 
1.071 
0.967 
7(0.43) 
8(0.45) 
0.1965 
0.2730 
0.2054 
1.071 
1.023 
7 (0.43) 
8(0.44) 
0.01681 
0.02449 
0.01719 
0.2039 
0.2827 
0.1933 
0.997 
8(0.47) 
9(0.51) 
0.01727 
0.02488 
0.01703 
0.1965 
0.2831 
0.2067 
1.071 
1.082 
7(0.43) 
8 (0.44) 
tt The numbers without parentheses denote the joints that yield and the numbers 
in parentheses denote the position of the front axle for which yielding 
initiates in the joint under consideration. 
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TABLE 5.5 EFFECT OF SLOPE RATIO OF RESJSTANCE DIAGRAM OF BEAM ON 
MAXiMUM VALUES OF RESPONSE--TWO-AXLE LOAD 
Quantity 
y (1/4) 
y(I/2) 
y (3/4) 
M (1/4) 
M(1/2) 
M(3/4) 
R (0) 
Rel-.O)-
tt 
Static 
Value 
Bil inear Inelastic System with M~ = M~t, Two Identical 
Axles with a Static Reacttonper Axle of Wv/2~ a = 0.15, 
~b = 0, s/L = 0.3, R = 0.2, N = 3000, Iteration 
Tolerance = 10- 6Wv l
3/EI 
Distributed Mass Model ~ n = 15 joints 
Deflections are expressed in terms of WvL3/E~, Moments in 
terms of WyL and Re~ctions in terms of Wv . 
Maximum Response Value 
(a) Constant Force 
0.01309 
0.01833 
0.01309 
0.03087 
0.05608 
0.03263 
0.01714 
0.02598 
0.01720 
0.01617 
0.02364 
0.01582' 
0.01563 
0.02228 
0.01489 
0.01508 
0.02072 
0.01430 
0.1500 
0.1750 
0.1500 
0.850 
00850 
0.1536 
0.1750 
0.1562 
0.857 
0.949 
8(0.47) 
9(0.84) 
0.1562 
0.1894 
0.1488 
0.857 
0.884 
7(0.59) 
8(0.47) 
9 (0.54) 
0.1588 
0.1941 
0.1460 
0.857 
0.850 
7(0.51) 
8(0.47) 
9(0.53) 
0.1620 
0.1995 
0.1496 
0.857 
0.831 
7 (0.49) 
8(0.47) 
9(0.52) 
0.1705 
0.2123 
0.16] 7 
0.857 
0.844 
7(0.48) 
8(0.47) 
9(0.50) 
(b) Sprung Load with ~~ = 0.7, ~~s = 0.4, ~ = 0.15, i = 1.0 
y(I/4) 
y (1/2) 
y(3/4) 
M(1/4) 
M(1/2) 
M (3/4) 
PI 
P2 
R (0) 
R (i .0) 
tt 
0.01309 0.02582 0.01581 0.01535 0.01496 
0.01833 0.04598 0.02463 0.02331 0.02232 
0.01309 0.02752 0.01678 0.01629 0.01582 
0.1500 
0.1750 
0.1500 
0.500 
0.500 
0.850 
0.850 
0.1511 
0.1750 
0.1560 
0.535 
0.579 
0.851 
0.950 
8(0.47) 
9(0.84) 
0.1542 
0.1902 
0.1600 
0.538 
0.530 
0.851 
0.845 
7(0.66) 
8(0.47) 
9(0.55) 
0.1545 
O. '1944 
0.1660 
0.536 
0.532 
0.851 
0.852 
7 (0.67) 
8(0.47) 
9(0.54) 
0.1570 
0.1982 
0.1688 
0.535 
0.533 
0.851 
0.867 
7 (0.51) 
8(0.47) 
9 (0.54) 
tt For significance of these values see footnote on Table 5.4. 
0.01433 
0.02089 
0.01525 
0.1619 
0.2103 
0.1779 
0.536 
0.538 
0.851 
0.944 
7(0.48) 
8(0.47) 
9(0.52) 
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TABLE 5.5 (continued) 
S tat I c Maximum Response Value Quantity Value 
k2/kl=0 k2/k 1=0.05 k2/kl =0.1 k2/k1=0.2 k2/kl = 1 
(c) Sprung Load 15% In it i a 1 Osci 11ation; other 
characteristics similar to those of item b. 
y(1/4) 0.01309 0.04007 0.02059 0.01844 0.01716 0.01599 
y(1/2) 0.01833 0.07437 0.03250 0.02775 0.02478 0.02195 
y (3/4) 0.01309 0.04237 0.02119 0.01847 0.01663 0.01504 
M(1/4) 0.1500 0.1555 0.1608 0.1666 0.1684 0.1806 
M(1/2) 0.1750 0.1750 0.1953 0.1992 0.2059 0.2252 
M (3/4) 0.1500 0.1613 0.1615 0.1543 0.1472 0.1564 
Pl 0.500 0.575 0.575 0.575 0.575 0.575 
P2 0.500 0.614 0.575 0.575 0.575 0.575 
R (0) 0.-850 0.-772 0.772 0.186 0.799 0.843 
R(1.0) 0.850 1.119 0.920 0.899 0.930 1.023 
tt 7(0.52) 7 (0.48) 7(0.47) 7(0.47) 
8(0.46) 8 (0.46) 8 (0.46) 8(0.46) 8(0.46) 
9 (0,84) 9(0.53) 9(0.52) 9(0.51) 9(0.49) 
tt For significance of these values see footnote on Table 5.4. 
-90-
TABLE 5.6a EFFECT OF YIELD LEVEL ON MAXIMUM VALUES OF RESPONSE--
S INGLE-AXLE SMOOTHLY MOViNG, LOAD 
Quantity 
7=0.883 
MU (1/2) y 0.2500 
y(1/4) 0.01811 
y (liZ) 0.02804 
y (3/4) 0.01875 
M (1/4) O. '1965 
MO/2) 0.2500 
M(3/4) 0.2124 
P 1.074 
R(O) 1 .000 
R (1.0) 0.974 
tt .. 7 . .(0.43) 
8 (0.45) 
M~ (l/2) 0.2500 
y(1/4 ) 0001754 
y(1/2) 0.02610 
y (3/4) 0.01741 
M(1/4) 0.1965 
M (1/2) 0.2668 
M (3/4) 0.2061 
p 1 .071 
R(O) 1.000 
R (1 .0) 0.967 
tt 7 (0.43) 
8 (0.45) 
Bil Inear ~nelastic System1 q = Ow15 7 ~b = 0, R = 0.2, 
~t = 0.7~ ~ts = 0.4 7 ~ = 0.i5 7 N = 25qO, NINer =1.66, 
Iteration Tolerance =10-6WvL3/E,I, Mo = 0.2831 WvL 
DistrIbuted Mass Model ~ n = 15 joints 
Deflections are expressed in terms of WvL3/EJ~ Moments in 
terms of WvL and Reactions [n terms of Wv . 
Maximum Response Value 
/=0.90 ),=0.92 /=0.94 '1=0.96 ),=0.98 /=1.00 
kZ/k] = 0 
0.2548 0.2605 0.2661 0.2718 0,.2774 0.2831 
0.01763 0.0'1736 0.01722 0.01724 0.01725 0.01727 
0.02682 0.02590 0.02546 0.02513 0.02494 0.02488 
0.O'i776 0.01708 0.01697 0.0'1701 0.01702 0.01703 
o ~ '1965 0.1965 0.1965 0,1965 0.1.965 0.1965 
0.2544 0.2605 0.2657 0,2719 0.277'1 0.2831 
0.2114 0.2080 0.2070 0.2080 0.2067 0.2067 
1.071 1 "071 1.071 1.071 1.071 1.071 
1.000 1.000 1.000 1.000 1.000 1.000 
0.982 0.975 0.999 1 .050 1.047 1.082 
7(0.43) 7(0.43) 7 (0.44) 
8 (0 .45) 8(0.45) 8(0.46) 8(0.47) 8(0.47) 
k2/kl 0.1 
0.2548 0.2605 0.2661 0.2718 0,.2774 0,.2831 
0.01743 000'1730 0.01722 0.0'1724 0.01726 0.01727 
0.02576 0.02539 0.02515 0.02499 0.02491 0.02488 
0.01718 0.01697 0·.01698 0.01701 0.01702 0.01703 
0.1965 0.1965 0.1965 0.1965 0.1965 0.1965 
0.269'1 0,.2724 0.2754 0.2782 0.2799 0.2831 
0.2059 0.2052 0.2051 0.207i 0.2067 0.2067 
1.071 1.071 1.071 1.071 1.071 1.071 
1.000 1.000 1.000 1.000 1.000 1.000 
0.971 1.008 1.036 1.050 1.055 1 .082 
7(0.43) 7 (0.43) 7 (0.44) 
8 (0.45) 8 (0.45) 8(0.46) 8(0.47) 8(0.47) 
tt For significance of these values see footnote on Table 5.4. 
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TABLE 5.6b EFFECT OF YIELD LEVEL ON MAXiMUM VALUES OF RESPONSE-.,. 
Quantity 
M~ (1/2) 
y ( 1/4) 
y (1/2) 
y (3/4) 
M (1/4) 
M(1/2) 
M (3/4) 
p 
R(O) 
R (1 .0) 
tt 
M~ (1/2) 
y (1/4) 
y(1/2) 
y (314) 
M(1/4) 
M(1/2) 
M (3/4) 
p 
R(O) 
R (1 .0) 
tt 
SINGLE-AXLE WITH 15% INITiAL OSCillATION 
Bl1 inear Inelastic System, a ~ 0.15, ~b = 0, R = 0.2, 
~t = 0.7, ~ts = 0.4, ~ = 0.15 . N = 2500, NIN cr = 1.66, 
!teration Tolerance = 10-6wvL3/EI, Mo :: 0.3126 WvL 
Distributed Mass Model, n = 15 joints 
Deflections are expressed in terms of Wvl3/EJ, Moments in 
terms of WyL and Reactions in terms of Wv ' 
1'=0.80 
0.2500 
0.02434 
0.04017 
0.02648 
0.1816 
0.2500 
0.2166 
1.150 
1 .150 
0.998 
7(0.44) 
8 (0.45) 
9(0.54) 
0.2500 
0.01972 
0.03098 
0.02087 
0.1816 
0.2823 
0.1897 
1.150 
1.150 
1.061 
7(0.44) 
8 (0.45) 
9(0.51) 
{=0.84 
0.2622 
0.02048 
0.03331 
0.02240 
0.18 '16 
0.2622 
0.2007 
1.150 
1.150 
1.106 
7 (0.45) 
8(0.46) 
9(0.55) 
0.2622 
0.01910 
0.02898 
0.01970 
0.1816 
0.2885 
0.1873 
'1.150 
1.150 
1.092 
7 (0.45) 
8 (0.46) 
9(0.52) 
Maximum Response Value 
1=0.88 
k2/k1 = 0 
0.2754 
0.01916 
0.02999 
0.02018 
0.18'16 
0.2754 
0.1869 
1.150 
1.150 
'1.135 
8(0.47) 
9(0.56) 
k2/k1 = 0.1 
0.2754 
0.01891 
0.02820 
0.01926 
0.1816 
0.294'1 
0.1845 
1.150 
1.150 
'1.152 
8(0.47) 
9(0.54) 
,=0.92 
0.2876 
0.01872 
0.02841 
0.01923 
0.1816 
0.2876 
0.1863 
1.150 
1.150 
1.176 
8(0.47) 
0.2876 
0.01878 
0.02778 
0.01899 
0.1816 
0.3008 
0.1832 
1.150 
1 .150 
1.175 
8(0.47) 
1'=0.96 
0.2999 
0.01882 
0.02772 
0.01885 
0.1816 
0.2999 
0.1853 
1.150 
1.150 
1.250 
8(0.48) 
0.2999 
0.01883 
0.02749 
0.01884 
0.1816 
0.3068 
0.1837 
1.150 
1 . 150 
1.236 
8 (0.48) 
,=1.00 
0.3126 
0.01886 
0.02725 
0.01882 
0.1816 
0.3126 
0.1836 
1.150 
1.150 
1.201 
0.3126 
0.01886 
0·.02725 
0.01882 
0.1816 
0.3126 
0.1836 
1.150 
1.150 
1.201 
tt For significance of these values see footnote on Table 5.4. 
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TABLE 5.7a EFFECT OF YiELD LEVEL ON MAXiMUM VALUES OF RESPONSE--
TWO-AXLE SMOOTHLY MOVING VEHICLE 
QuantIty 
M~ (1/2) 
y( 1/4) 
y(1/2) 
y(3/4) 
M (i /4) 
M(1/2) 
M(3/4) 
PI 
P2 
R (0) 
R (1 .0) 
tt 
M~(]/2) 
Y (1 i 4) 
y(I/2) 
y(3/4) 
M(1/4) 
M (1/2) 
M (3/4) 
PI 
P2 
R(O) 
R(l,O) 
tt 
Bi 1 inear Inelastic System, Two Identical Axles with a 
Static Reaction per Axle of Wv/2, a = 0, 15, ~b = 0, 
s/L = 0.3, R = 0.2, ~t = O.7,~ts = 0.4, ~ = 0.15, 
N = 3000, Iteration Tolerance = 10-6wyL3/EI, i = 1.0, 
Mo (1/2) = 0,2103 WyL 
Distributed Mass Model , n = 15 joints 
Deflections are expressed in terms of WyL3/EJ, Moments 
in terms of WyL and Reactions in terms of Wy . 
Maximum Response Value 
;=0.832 ;=0.86 ;=0.89 ,=0.92 ,=0,95 ,=0.965 r=1,00 
0.1750 0.1814 
0,02582' 0,01745 
0.04598 0,02907 
0,02752 0,01884 
0.15'11 
0,1750 
0,1560 
0,535 
0.579 
0,851 
0.950 
8(0,36) 
9 (0,65) 
0.1750 
0,01535 
0,02331 
0.01629 
0.1545 
0.1944 
0.1660 
0.536 
0.532 
0.851 
0.852 
7 (0.51) 
8(0,36) 
9(0.42) 
0.1534 
0.1814 
0.1564 
0.537 
0.541 
0.851 
0.874 
8(0.36) 
0.1814 
0.01490 
0.02228 
0.01570 
0.1558 
0.1958 
0.1654 
0.536 
0.533 
0.851 
0.870 
7 (0.54) 
8(0.36) 
k2/k] = 0 
O. 1 862 o. 1 942 
0.01553 
0.02478 
0.01673 
0.1539 
0.1862 
0.1631 
0.535 
0.529 
0.851 
0.860 
8(0.37) 
0,01479 
0,0223 'I 
0.01577 
0.1599 
0.1942 
0.1678 
0,533 
0.533 
0.85'1 
0.904 
8(0.38) 
k2/kl = 0.1 
O. 1862 0.1942 
0.01482 
0.02203 
0.01557 
0.1565 
0.1979 
0.1668 
0.535 
0.533 
0.851 
0.872 
7 (0.54) 
8(0.37) 
0.01459 
0.02153 
0.01538 
0.1597 
0.2027 
0.1702 
0.534 
0.535 
0.851 
0.898 
7(0.55) 
8(0.38) 
0.1990 
0.0]447 
0.02146 
0.01531 
0.1605 
0.1990 
0.1674 
0.535 
0.536 
0,851 
0.891 
8(0.39) 
0.1990 
0.01443 
0.02117 
0,01527 
0.1605 
0.2051 
0.1726 
0.535 
0.537 
0.851 
0.928 
7(0.57) 
8(0.39) 
0.2030 
0.01433 
0.02102 
0.01517 
0.1619 
0.2030 
0.1707 
0.536 
0.538 
0.851 
0.927 
8(0.39) 
0.2030 
0.01433 
0.02096 
0·.01521 
0.16'19 
0.2064 
0.1745 
0.536 
0.538 
0.851 
0.938 
8(0.39) 
0.2103 
0.01433 
0.02089 
0.01525 
0.1619 
0.2103 
0.1779 
0.536 
0.538 
0.851 
0.944 
0.2103 
0·.0 i 433 
0.02089 
0.01525 
0.1619 
0.2103 
0·1779 
0.536 
0.538 
0.851 
0.944 
tt. For significance of these values see footnote on Table 5.4. 
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TABLE 5.7b EFFECT OF YIELD LEVEL ON MAXIMUM VALUES OF RESPONSE--
TWO-AXLE VEHiCLE WITH 15% INITiAL OSCILLATION 
Bil inearinelastic System, Twq identical Axles with a 
Static Reaction per Axle of W~/2~ a = O. 15, ~b = 0, 
s/l = 0.3, R = 0.2, ~t = 0.7, ~ts = 0.4' ~ = 0.15, 
N = 3000, Iteration Tolerance = lO-6Wvl
j /El, i = 1.0, 
tvio = 0.2252 WvL 
Distributed Mass Model, n = 15 joints 
Deflections are expressed in terms of Wv l
3/Ei, Moments 
in terms of WvL and Reactions 'in term::? of Wv ' 
Quantity 
My (1/2) 
y (1/4) 
y (1/2) 
y(3/4) 
M (1/4) 
M(1/2) 
M(3/4) 
PI 
PI') 
L. 
R (0) 
R (l .0) 
tt 
My(1/2) 
y(1/4) 
y(1/2) 
y (3/4) 
M(1/4) 
M(1/2) 
M (3/4) 
P 1 
P2 
R (0) 
RO.O) 
tt 
y=0.777 y=0.80 
O. 1750 
0.04007 
0.07437 
0.04237 
0.1555 
0.1750 
0.1613 
0.575 
0.614 
0.772 
1 .119 
8(0.36) 
9 (0.65) 
0.1750 
0.01844 
0.02775 
0.01847 
0.1666 
0.1992 
0.1543 
0.575 
0.575 
0.786 
0.899 
7(0.37) 
8(0.36) 
9 (0.40) 
0.1798 
0.03038 
0.05521 
0.03207 
0.1587 
0.1798 
0.1634 
0.575 
0.607 
0.776 
1.010 
8(0.36) 
9(0.65) 
0.1798 
0.01758 
0.02618 
0.01747 
001677 
0.2018 
0.1500 
00575 
0.575 
00782 
0.907 
7(0.38) 
8(0.36) 
9 (0.40) 
Maximum Response Value 
,=0.84 y=0.88 
k2/k1 = 0 
O. 1 894 O. 1 982 
0.02067 
0.03391 
0.02129 
0.1633 
0.1894 
0.1621 
0.575 
0.575 
0.797 
0.940 
8(0.36) 
0.01668 
0.02409 
0.01611 
0.1706 
0.2074 
0.1479 
0.575 
0.575 
0.784 
0.936 
7(0.41) 
8(0.36) 
9(0.41) 
0.01752 
0.02647 
0.0 'j 743 
0.1676 
0.1982 
0.1509 
0.575 
0.575 
0.824 
0.938 
8(0.37) 
0.1 
O. 1982 
0.01635 
0.02319 
0.01550 
0.1725 
0.2129 
0.1514 
0.575 
0.575 
0.817 
0.994 
8(0.37) 
9(0.42) 
y=0.92 
0.2070 
0.01654 
0.02368 
0.01581 
0.1722 
0.2070 
0.1494 
0.575 
00575 
00856 
00959 
8(0.38) 
0.2070 
0.01606 
0.02264 
0001522 
0.1752 
002174 
0.1540 
0.575 
0.575 
00852 
10025 
8(0.38) 
9(0043) 
0.2158 
0.01596 
0.02242 
0.01516 
0.1754 
0.2158 
0.1512 
0.575 
0.575 
0.843 
0.979 
8(0.38) 
0.2158 
0.01597 
0.02216 
0.01511 
0.1764 
0.2202 
0.1534 
0.575 
0.575 
0.843 
1.001 
8(0.38) 
tt For significa~ce of these values see footnote on Table 5.4. 
y=1.00 
0.2252 
0.01599 
0.02195 
0.01504 
0.1806 
0.2252 
0.1564 
0.575 
0.575 
0.843 
1.023 
0.2252 
0.01599 
0.02195 
0.01504 
0.1806 
0.2252 
0.1564 
0.575 
0.575 
0.843 
1.023 
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TABLE 5.8 EFFECT OF YIELD LEVEL ON MAXiMUM VALUES OF RESPONSE--
THREE-AxLE SMOOTHLY MOViNG VEH~CLE 
Quantity 
My (1/2) 
y(1/4) 
y (1/2) 
y (3/4) 
M (1/4) 
M(1/2) 
M (3/4) 
. PI; 
P2 
P3 
R (0) 
R (1 ,0) 
. tt 
M~ (1/2) 
y (1/4) 
yO/2) 
y(3/4) 
M (1/4) 
M(1/2) 
M (3/4) 
PI 
P? 
P3 
R (0) 
RO .0) 
tt 
Bil ine~r Inelastic System, Pst 1 = Wv/~ and 
Pst 2 = Pst 3 = 4 Wv/9~ a =0.15, ~b = 0, sl/1 0.15, 
S2/[. = 0.;30: al = 0.602 9 a3 :;: 0.494, as = 0.083, 
R = 0.2, ~t = 0.7~ ~ts = 0.4,~ = 0~15, N = 3500, 
Iteration Tolerance = 10-6wvL
3/EI, Ii = i2 = 1.0, 
Mo = 0.1953 WvL 
Distributed 'Mass Model, n = 15 joints 
Deflections are expressed in terms ofWvL3/EI, Moments 
. in terms of WvL and Reactions in terms of Wv ' 
1=0.896 1=0.9.2 
0.1750 
0.01585 
0.02530 
0.01693 
0.1438 
o Q 1750 
0.1552 
0.117 
0.473 
0.466 
0.820 
0.801 
8(0.43) 
0.1750 
0.01386 
0.02012 
0.01434 
0.1462 
0.1849 
0.1580 
O. ·117 
0.469 
0.472 
0.820 
0.786 
0.1798 
0.01437 
0.02125 
0.01497 
0.1452 
0.1798 
0.1565 
0.117 
0.471 
0.469 
0.820 
0.772 
8 (0.43) 
0.1798 
0.01375 
0.01988 
0.01421 
0.1461 
0.1874 
0.1610 
0.117 
0.468 
0,472 
0.820 
0.800 
7(0.61) 
Maximum Response Value 
1=0.94 
k2/k1 = 0 
0.1838 
0.01397 
0.02081 
0.01477 
0.1448 
0.1838 
0.1585 
0.117 
0.470 
0.469 
0.820 
0.793 
8 (0.43) 
k2/kl = 0.1 
0·,.1838 
0.0'1369 
0.01976 
0.01418 
O. ] 473 
0.1898 
0.1624 
0.117 
0.467 
0.472 
0.820 
0.826 
,=0.96 
0.1878 
0.01368 
0.02021 
0.01443 
0.1489 
0.1878 
0.1608 
0.117 
0.468 
0.471 
0.820 
0.820 
8(0.44) 
0.1878 
0.01368 
0.01956 
0.01410 
0.1490 
0.1918 
0.1627 
0.117 
0.467 
0.473 
0.820 
0.832 
1=0.98 
0.1910 
0.01369 
0.01957 
0.01411 
0.1503 
0.1910 
0.1613 
0.117 
0.467 
0.473 
0.820 
0.813 
8 (0 .45) 
0.1910 
0.01370 
0.01930 
0.01399 
0.1501 
0.1930 
0.1626 
O •. 117 
0.467 
0.474 
0.820 
0.824 
7(0.60) 
8 (0.43) 
9 (0.49) 
8 (0.43) 8 (0.43) 8 (q .44) 8 (0.45) 
1= 1 .00 
0.1953 
0.01371 
0.01907 
0.01391 
0.1508 
0.1953 
0.1638 
0.117 
0.467 
0.475 
0.820 
0.827 
0.1953 
0.01371 
0.01907 
0.01391 
0.1508 
0.1953 
0.1638 
0.;117 
0.467 
0.475 
0.820 
0.827 
tt For significance of these values see footnote on Table 5.4~ 
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TABLE 5 .. 9 EFFECT OF SPEED PARAMETER ON MAXIMUM VALUES OF RESPONSE--
SINGLE-AXLE SMOOTHLY MOVING LOAD 
Bil inear Inelastic System with M~ = M~t, ~b = 0, R = 0.2, 
~t = 0.7, ~ts = 0.4~ ~ = 0.15 j ~/Ncr ~ 1.7, Iteration Tolerance = 10- 6WvL /EI 
Distributed Mass Model, n = 15 joints 
Deflections are expressed in terms of WvL3/EI, Moments 
in terms of WvL and Reactions in terms of Wv ' 
Maximum Response Value 
. Quant i ty' 
0:=0.08 a=0.10 0:=0.12 a=0.14 0!=0.15 0:=0,16 0:=0,18 0:=0.20 
k2/k1 = 0 
y (1/4) 0.01579 0.01637 0.01653 0.01765 0.01811 0.01881 0.01959 0.01873 
y(1/2) 0.02221 0.02491 0.02248 0.02516 0.02804 0.02940 0.03157 0 .. 02947 
y (3/4) 0.01569 0.01703 0..01649 0.01737 0.01875 0.01970 0.02161 0.02106 
M (1/4) 0.1963 0.1848 0.1820 0.1957 0.1965 0.1985 0.2077 0.2066 
M(1/2) 0.2450 0.2500 0.2303 0.2500 0.2500 0.2500 0·.2500 0.2500 
M(3/4) 0.1881 0.1929 O. 1 ~32 0.2114 0.2124 0.2016 0.1976 0.2191 
P 1.031 1.052 1.047 1.062 1.074 1.082 1.101 1.124 
R (0) 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 
R (1 .0) 1.041 1.046 1.019 1.062 0.974 0.986 1 .117 1.065 
tt 7 (0.43) 7(0.44) 
8(0.48) 8(0.42) 8 (0.45) 8(0.46) 8(0.47) 8(0.49) 
9(0.47) 9(0.55) 9(0.55) 9(0.55) 
k2/k1 = 0.1 
.y(1/4) 0.01579 0.01591 0.01653 0.01735 0.01754 0.01782 0.01795 0.01770 
y(1/2) 0.02221 0.02380 0.02248 0.02465 0.02610 0.02684 0.02811 0.02756 
y (3/4) 0.01569 0.01627 0.01649 0.01636 0.01741 0.01811 0.01979 0.02003 
M (1/4) 0.1963 0.1848 O. 1820 0.1957 0.1965 0.1985 0~2077 0.2066 
M(1/2) 0.2450 0.2607 0 .. 2303 0.2579 0.2668 0.2704 0.2678 0.2571 
M (3/4) 0.1881 0.1907 0.1832 0.2107 0.2061 0.1995 0.1889 0.2081 
P 1.031 1.042 1.047 1.062 1.071 1.080 1.101 1·.124 
R (0) 1.000 1.000 1.000 1.000 1.000 1.000 1.000 ] .000 
R (1.0) 1.041 1.007 1.019 1.075 0.967 0.973 1.087 1.114 
tt 7 (0.42) 7 (0.43) 7(0.44) 
8(0.48) 8(0.44) 8 (0.45) 8 (0.45) 8(0.47) 8 (0.49) 
9(0.53) 9 (0.53) 9(0.54) 
10 (0.62) 
tt For significance of these:values see footnote on Table 5.4. 
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TABLE 5.9 (continued) 
Maximum Response Value 
Quantity 
cx=0.08 0:=0.10 a=0.12 0:=0. ]4 .0:=0.15 0:=0.16 0:=0.18 0:=0.20 
k2/k1= 1 
y(1/4) 0001579 0.01587 0.01653 0.01709 0.01727 0.01735 0.01742 0.01721 
y (1/2) 0002221 0.02317 0.02248 0.02421 0.02488 0.02535 0.02580 0.02570 
Y (3/4) 0.01569 0001611 0.01649 0.01645 0.01703 0.01763 0.01847 0.01889 
M (1/4) 0.1963 0.1848 0.1820 0.1957 0.1965 0.1985 0.2077 0.2066 
M (1/2) 0.2450 0.2685 0.2303 0.2669 0 .. 2831 0.2930 0.2826 0.2644 
M(3/4) 0.1881 0.1888 0.1832 0.2070 . 0.2067 0.1963 0.1830 0.2040 
P 10031 1.042 1.047 1.062 1.071 1.080 1,101 1.124 
R (0) 1 .000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 
R (1 00) 1 .041 0.967 1.019 1.050 1.082 0.984 1.055 1.068 
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TABLE 5.10 EFFECT OF SP~ED PARAMETER AND AXLE SPACING ON MAXIMUM VALUES 
OF RESPONSE--TWO-AXLE SMOOTHLY MOVING LOAD 
Quantity 
y (1/4) 
y(1/2) 
y (3/4) 
M (1/4) 
M(1/2) 
M (3/4) 
P1 
P2 
R (0) 
R (1.0) 
tt 
y(1/4) 
.y(1/2) 
y (3/4) 
M(1/4) 
M(1/2) 
M(3/4) 
Pl 
P2 
R (0) 
R (1 .0) 
tt 
Bl1 inear Inelastic System with M~ = M:t , Two Identical Ax1e~ 
with a Static Reaction per Axle of Wv/2, ~b = 0, (s/L)/O = 2, 
R = 0.2 7 ~t = 0.7 9 ~ts = 0.4, ~ = 0.15, Iteration 
Tolerance = 10- 6Wv L3/EI, i = 1.0 
Distributed Mass Model, n = 15 joints 
Deflections are expressed in~erms of WvL3/EI, Moments in 
terms of WvL ~nd Reactions in terms of Wv ' 
Maximum Response Value 
a=0.08 0=0.10 0=0.12 0=0.14 0=0.15 0=0.16 0=0.18 0=0.20 
k2/kl = 0 
0.01868 0.02019 0.01842 0.02180 0.02582 0.02839 0.02774 
0.03074 0.03426 0.03089 0.03748 0.04598 0.05139 0.05032 
0.02046 0.02218 0.02017 0.02324 0.02752 0.03014 0.02940 
0.02537 
0.04617 
0.02713 
0.1761 
0.2100 
0.1789 
0.518 
0.527 
0.918 
0.958 
8 (0.45) 
9 (0.60) 
0.01·554 
0.02286 
0.01557 
0.1761 
0.2204 
0.1694 
0.517 
0.515 
0.918 
0.915 
7 (0.50) 
8(0.45) 
9(0.48) 
0.1656 
0.2000 
0.1772 
0.525 
0.523 
0.904 
0.916 
8 (0.40) 
9 (0.62) 
0.1575 
O. 1900 
0.1680 
0.546 
0.566 
0.873 
0.885 
8(0.44) 
9 (0.63) 
0.1556 
O. 1800 
0.1538 
0.536 
0.576 
0.867 
0.970 
8(0.36) 
9 (0.65) 
k2/kl = 0.1 
O. 151 ~ 
O. '1750 
0.1 5 90 
0.535 
0.579 
0.851 
0.950 
8(0.36) 
9 (0.65) 
OL01566 0.01604 0.01562 0.01535 
OL02253 0.02381 0.02370 0.02331 
0.01604 0.01627 0.01652 0.01629 
0.1656 
0.2152 
0.1691 
0.522 
0.517 
0.904 
0.881 
8 (0.40) 
9(0.58) 
0.1575 
0.2043 
0.1545 
0.529 
0.524 
0.873 
0.862 
7 (0 .49) 
8(0.44) 
9(0.47) 
0.1577 
0.1975 
0.1642 
0.531 
0.528 
0.867 
0.949 
7(0.51) 
8(0.36) 
9(0.50) 
0.1545 
0.1944 
0.1660 
0.536 
0.532 
0.851 
0.852 
7(0.51) 
8(0.36) 
9(0.42) 
0.1506 
0.1700 
0.1590 
0.553 
0.579 
0.834 
1.035 
8(0.36) 
9(0,,66) 
0.01521 
0.02320 
0.01610 
0.1574 
0.1911 
0.1635 
0.543 
0.535 
0.834 
0.801 
7(0.41) 
8(0.36) 
9(0.41) 
0.1432 
0.1600 
0.1518 
0.571 
0.574 
0.819 
1.030 
8(0.38) 
9 (0.67) 
0.1400 
0.1500 
0.1370 
0.556 
0.571 
0.806 
0.998 
8(0.41) 
9 (0.68) 
0.01568 0.01565 
0.02307 0.02335 
0.01565 0.01595 
0.1543 . 
0.1792 
0.1525 
0.570 
0.547 
0.819 
0.863 
7(0.44) 
8(0.38) 
9 (0.40) 
0.1446 
0.1691 
0.1520 
0.559 
0.558 
0.806 
0.878 
7(0.46) 
8(0.41) 
9(0.42) 
tt For significance of these values see footnote on Table 5.4. 
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TABLE 5.10 (cont!nued) 
Maximum Response V~1ue 
Quantity 
a=0.08 CX=0.10 CX=0.12 cx=0.14 cx=0.15 cx=0.16 CX=0.18 CX=0.20 
k2/k1 = 1 
Y (1/4) 0.01528 0.01530 0.01537- 0.01490 0.01433 0.01446 0.01464 0.01457 
y(1/2) 0.02186 0.02116 0.02189 0.02147 0.02089 0.02001 0.02012 0.02012 
y(3/4) 0.01515 0.01526 0.01532 0.01561 0.01525 0.01463 0.01401 0.01415 
M ( 1/4) 0.1761 O. 1653 0.1575 0.1611 0.1619 0.1640 0.1670 0.1631 
M (1/2) 0.2270 0.2216 0.2166 0.2115 0.2103 0.2059 0.1927 0.1878 
M(3/4) 0.1679 0.1691 0.1578 0.1740 0.1779 0.1629 0.1404 0.1515 
P1 0.516 0.522 0.529 0.534 0.536 0.537 0.544 0.549 
P2 0.516 0.522 0.524 0.533 0.538 0.542 0.553 0.563 
R (0) 0.918 0.904 0.873 0.867 0.851 0.834 0.819 0.806 
R( 1 00) 1.406 0.885 0.883 0.977 0.944 0.824 0.900 0.925 
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TABLE 5.11 EFFECT OF FREQUENCY RATIO ON MAXIMUM VALUES OF RESPONSE--
SINGLE-AXLE SMOOTHLY MOVING LOAD 
Bi1 inear Inelastic System with M~ = M~t, a = 0.15, (3b = 0, 
R = 0,2 7 ~ = 0.15, N = 2500, Iteration Tolerance = 10- 6WvL3/E I 
Dis t r 1 bu ted Mas s Mode 1, n = 1 5 j 0 in ts 
Deflections are expressed in terms of WvL
3/EI, Moments in 
terms of WvL and Reactions in terms of Wv ' 
Maximum Response Value 
Quantity 
cp =0.2 cP =0,4 cP =0,6 cP =0.7 cP =0.8 cp =1 n I'V cP =1 .2 cP = 1.4 
V V V V V V V v 
k2/k, = 0 
y (1/4) 0.01782 0.01909 0,01977 0.01811 0.01699 0.01556 0.01539 0.01554 
y (1/2) 0.02807 0.03114 0.03128 0.02804 0.02462 0.02214 0.02316 0.02336 
y(3/4) 0.01927 0.02124 0.02097 0.01875 0.01744 0,01647 0.01706 0.01705 
M(1/4) 0.2020 0.1982 0.1961 0.1965 0.1980 0.2032 0.2087 0.2121 
M(1/2) 0.2500 0.2500 0.2500 0.2500 0.2500 0.2373 0.2409 0.2500 
M(3/4) 0.1835 0.1963 0.1998 0.2124 0.2"149 0.1998 0.1942 0.1960 
P 1.028 '1.059 1,064 1,074 1.087 1.104 1.100 1.091 
R (0) 1.000 1.000 1,000 1.000 1.000 1.000 1.000 1.000 
R (1 .0) 1.096 "j .069 1.014 0.974 0.996 1.115 1.127 1.181 
tt 7(0.43) 7(0.43) 7 (0,42) 
8(0.47) 8(0.46) 8(0.45) 8 (0.45) 8(0.47) 8(0.51) 
9(0.54) 9(0.54) 9(0.56) 9(0.56) 9(0.55) 
k2/kl = 0.1 
y(1/4) 0.01688 0.01755 0.01815 0.01754 0.01681 0.01556 0.01542 0.01553 
y(1/2) 0.02555 0.02681 0.02746 0.02610 0.02423 0.02214 0.02311 0.02323 
y(3/4) 0.01765 0.01838 0.01855 0.01741 0.01642 0.01647 0.0'1700 0.01688 
M(1/4) 0.2020 0.1982 O. '1961 0.1965 0.1980 0.2032 0.2087 0.2121 
M(1/2) 0.2658 0.2698 0.2717 0.2668 0.2584 0.2373 0.2409 "0.2510 
M(3/4) 0.1871 0.1955 0.1983 0.2061 0.2106 0.1998 0.1931 0.1930 
P 1.027 1.053 1.052 1.071 1.087 1.104 1.100 1.094 
R (0) 1.000 1.000 l.OOO 1.000 1.000 1.000 1.000 1.000 
R (1 .0) 1.037 0.955 0.949 0.967 1.037 1.115 1.126 1.160 
tt 7(0.43) 7 (0.43) 7(0.42) 
8(0.47) 8(0.46) 8(0.45) 8 (0 .45) 8 (0.45) 8(0.51) 
9(0.54) 9(0.52) 9(0.53) 9(0.56) 9(0.55) 
tt For significance of these values see footnote on Table 5.4. 
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TABLE 5.11 (continued) 
Maximum Response Value 
Quantity 
cp =0·.2 cP =0.4 cP =0.6 cP =0.7 cP =0.8 cP = 1.0 cP = 1 .2 cP =1.4 
v v v v v v v v 
k2/k1 = 1 
y(1/4) 0.01674 0.01732 0.01774 0.01727 0.01669 0.01556 0.01546 0.01554 
y(1/2) 0.02437 0.02517 0.02547 0.02488 0.02379 0.02214 0.02305 Q.02305 
y(3/4) 0.01709 0.01758 0.01750 0.0]703 0.01633 0.01647 0.01691 0.01667 
M(1/4) 0.2020 0.1982 0.1961 0.1965 0.1980 0.2032 0.2087 0.2121 
M (1/2) 0.2813 0.2902 0.2940 0.2831 0.2689 0.2373 0.2421 0.2528 
M (3/4) 0.1981 0.2072 0.2026 0.2067 0.2071 0.1998 0.1920 0.1893 
P 1.025 1.059 1.052 1.071 1.087 1.104 1.100 1.097 
R (0) 1.000 1.000 1.000 1.000 1.000 1. 000 l.OOO 1. 000 
R (1. 0) 1.013 0.991 1.076 1.082 1.056 1 . 115 1.118 1.123 
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TABLE 5.12 EFFECT OF WEIGHT RAT!O ON fvlAXIMUM VALUES OF RESPONSE--
S INGLE-AXLE. SMOOTHLY MOViNG LOAD 
Bl1 inear Inelastic System with M~ = M: t , a = 0.15, ~b = 0, 
~t = 0.7, ~ts = O.4~ ~ = 0.15 N = 2500, 
iteration Tolerance = 10-6wv Lj/EI 
Distributed Mass Model, n = 15 joints 
Deflections are expressed in terms of WvL3/E I, Moments in 
terms of WvL and Reactions in terms of Wv ' 
Maximum Response Value 
Quantity 
R=O.1 R=0.2 R=0.3 R=0.4 R=0.5 R=0.6 R=0.8 R=1.0 
k2/k1 = 0 
y(1/4) 0,01723 0.01811 0.01905 0,01957 0.02024 0.02171 0.02315 0.02329 
Y (1/2) 0.02701 0.02804 0,02.915 0.02986 0.03204 0.03491 0.03776 0.03855 
y(3/4) 0.01814 0.01875 0.01931 0.02065 0.02203 0.02409 0.02625 0.02705 
M(1/4) 0.2000 0.1965 0.1933 0.1903 0.1876 0.1851 0.1825 0.1808 
Iv! (1 I" \ 
/"I \ If L / 0.2500 0.2500 0.2500 r\ ." L'r\1"'\. U.L;JUU 0.2500 0.2500 0.2500 0.2500 
M (3/4) 0.1942 0.2124 0.2146 0.2253 0.2287 0.2359 0.2400 0.2439 
P 1.044 1.074 1.097 1.112 1.124 1.155 1.206 1.264 
.R (0) 1.000 1.000 1.000 1.000 1.000 1,000 1.000 1.000 
R( l.O} 0._95D_ 0.9]4 0,,937 - .. 0-• .992 ---0.,-981- 1.·055 1.-056···· -1·,,]1-6 
tt 7 (0 ,43) 7(0.41) 7 (0.40) 7(0.40) 7(0.40) 7(0.39) 7(0.39) 
8(0.45) 8 (0.45) 8(0.47) 9(0.47) 8(0.47) 8(0.47) 8(0.48) 8(0.48) 
9(0.57) 9(0.56) 9(0.56) 9(0.56) 9 (0.54) 9 (0.54) 
10 (0.63) 10(0.61) 10(0.61) 10(0.61) 
k2/k1 = 0.1 
y (1/4) 0.01705 0,01754 0.01812 0.01852 0.01880 0.01902· 0,01898 0.01950 
\lfl/?) ]\'/'-1 0,02530 0,02610 n n'J.a.Q/1 v CI VL:VV-r n (1.,)7').r) VtlVLivV () (),)'7t:') V=VL-I..j0 () /1""'("'\'" U.UL!::J! /1 1"\'")1"\1'\1'" U.U0UUO 1"\ r\t"lnnl""'\ U.U,JUO::1 
y (3/4) 0.01721 0.01741 0.01776 0.01797 0.01852 0.01977 0.02134 0.02207 
M (1/4) 0.2000 0.1965 0.1933 0.1903 0.1876 0.1851 0.1825 0.1808 
M (1/.2) 0.2662 0.2668 0.2651 0.2647 0,2660 0.2665 0.2653 0.265'1 
M (3/4) 0.1999 0.2061 0.2068 0.2072 0.2077 0.2088 0.2162 0.2256 
P 1.040 1.071 1.094 1.111 1.124 1.134 'I .154 1.192 
R (0) 1.000 1.000 i .000 l,OOO 1.000 1.000 1.000 1.000 
R (1 .0) 1.007 0.967 0.982 0.998 0.965 0.933 0.941 1.041 
tt 7 (0.43) 7(0.41) 7 (0.40) 7(0.40) 7(0.40) 7 (0". 39) 7(0.39) 
8 (0.45) 8 (0.45) 8(0.44) 8 (0.44) 8 (0 .44) 8(0.44) 8(0.44) 8(0.44) 
9(0.56) 9(0.55) 9(0.54) 9(0.53) 
10 (0.62) 10(0.60) 10 (0,60) 
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TABLE 5.12 (cant inued) 
Maximum Response Value 
Quantity 
R=O.l R=0.2 R=0.3 R=0.4 R=0.5 R=0.6 .R=0.8 R=1.0 
k2/kl = 
y(1/4) 0.01702 0.01727 0.01766 0.01801 0.01830 0.01855 0·.01854 0·.01827 
y (l/2) 0.02445 0~02488 0.02529 0.02562 0.02594 0.02616 0.02593 0.02549 
y (3/4) 0,,01679 0.01703 0.01735 0.01760 0.01776 0.01784 0.01757 0.01734 
M (1/4) 0.2000 0.1965 0.1933 0.1903 0.1876 0.1859 0.1875 0.1856 
M (l / 2) 0.2828 0.2831 0.2855 0.2875 0.2883 0.2884 0.2854 0.2829 
M(3/4) 0.2084 0.2067 0.1987 0.1909 0.1894 0.1882 0.1932 0.2020 
P 10040 1.071 1.094 1.111 1.143 1.161 1.181 1.199 
R(O) 1 .000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 
R (1.0) 1 0033 1.082 .1 .105 1.103 1.090 1.050 0.943 0.880 
TABLE 5.13 EFFECT OF NUMBER OF VEHICLE CROSSINGS ON MAXIMUM VALUES OF RESPONSE--SINGLE MOVING 
CONSTANT FORCE 
Bil ihear Inelastic System, a = 0.15, ~b = 0, R = 0.2, N = 2500, NINer 1.66, 
Iteration Tolerance = 10-6wvL3/EI, Mo = 0.2827 WvL 
Distributed Mass Model,. n = 15 joints 
Deflections are expressed in terms of WvL3/EI, Moments in terms of WvL and 
Reactions in terms of Wv ' 
TABLE 5.13 (continued) 
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TABLE 5.14 EFFECT OF NUMBER OF VEHICLE CROSSiNGS ON MAXIMUM VALUES 
OF RESPONSE~-SINGLE-AXLE SMOOTHLY MOVING LOAD 
Quantity 
My (1/2) 
y (1/4) 
y (1/2) 
y (3/4) 
M (1/4) 
M(1/2) 
M (3/4) 
p 
R(O) 
R (1 .0) 
tt 
M~(1/2) 
Y (1/4) 
y(1/2) 
y (3/4) 
M (1/4) 
M(1/2) 
M (3/4) 
p 
R (0) 
R (1 .0) 
tt 
0.2500 
0.01811 
0.02804 
0.01875 
0.1965 
0.2500 
0.2124 
1.074 
1 .000 
0.974 
7(0.43) 
8 (0.45) 
0.2500 
0.01754 
0.02610 
0.01741 
0.1965 
0.2668 
0.2061 
1.071 
1.000 
0.967 
7(0.43) 
8 (0.45) 
Bi 1 inear Inelastic System. with M~ = M:t , a = 0.15, 
~b = O~ R = 0.2 1 ~t = 0.7, ~ts = 0.4, ~ = 0.15, N = 2500, 
N/Ncr = 1.66, iteration Tolerance = 10- 6Wy L
3/EI 
Distributed Mass Model, n = 15 Joints 
Deflections are expressed in terms of WyL3/ EI , Moments 
in terms of WyL and Reactions in terms of Wy . 
2 
0.2500 
0.02171 
0.03463 
0.02211 
0.1969 
0.2500 
0.2i07 
i .077 
1.000 
0.958 
7(0.42) 
8 (0.45) 
0.2668 
0.01918 
0.02860 
0.01865 
0.1967 
0.2.754 
0.2074 
1.074 
1.000 
1.035 
7 (0.43) 
8(0.47) 
Number of Vehicle Crossings 
3 4 
k2/kl = o· 
0,2500 0.2500 
0,02528 
0.04109 
0.02540 
0.1972 
0.2500 
·0.2095 
1.082 
1.000 
0.960 
7(0.42) 
8 (0.45) 
0.02881 
0.04741 
0.02859 
0.1976 
0.2500 
0.208i 
1.088 
1.000 
0.960 
7(0,42) 
8(0.47) 
k2/kl = 0.1 
0.2754 0.2782 
0.02002 
0.02999 
0.01949 
0.·1968 
0.2782 
0,2063 
1.075 
1.000 
1.046 
7(0.44) 
8(0.48) 
0.02034 
0.03055 
0.01981 
0.1968 
0.2795 
0.2059 
1 .07.6 
1.000 
1.069 
7(0.44) 
8(0,48) 
5 
0.2500 
0.03228 
0.05360 
0.03173 
0.1979 
0.2500 
0.2061 
1 .094 
1.000 
0.971 
7(0.41) 
8(0.47) 
0.2795 
0.02049 
0.03083 
0.01996 
o. i 968 
0.2802 
0.2056 
1.. 076 
10000 
1.080 
7(0.44) 
8 (0048) 
6 
0.2802 
0.02058 
0.03098 
0.02004 
0.1968 
0.2805 
0.2054 
1.076 
1.000 
1.086 
7(0.44) 
8 (0.48) 
7 
0.2805 
0.02062 
0.03107 
0.02009 
0.1968 
0.2807 
0.2053 
1.076 
1.000 
1.089 
7(0.44) 
8(0.48) 
tt For significance of these values see footnote on Table 5.4. 
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TABLE 5.15 _ EFFECT OF NUMBER OF VEH iCLE CROSSINGS ON MAXIMUM VALUES 
OF RESPONSE ... -TWO-AXLE SPRUNG VEHICLE 
Quantity 
My (1/2) 0.1750 
Y (1/4) 0.01535 
y(1/2) 0.02331 
y(3/4) 0.01629 
M(l/4) 0.1545 
M(1/2) 0,1944 
M(3/4) 0.1660 
Pl 0.536 
P2 0.532 
R(O) 0.851 
R (1 ,0) 0.852 
tt 7(0.51) 
8(0.36) 
9(0.42) 
My (1/2) 0.1750 
Y (1/4) 0.01844 
y(1/2) 0.02775 
y(3/4) 0.01847 
M (1/4) 0.1666 
M (1/2) 0.1992 
M (3/4) 0.1543 
P1 0.575 
P2 0.575 
R (0) 0.786 
R(1.0) 0.899 
tt 7(0.37) 
8(0.36) 
9(0.40) 
B r 1 i nea r I ne.l ast i.c .. .5ys_tem with _M~ = M~ t, k2/ kl = 0-.1 J 
Two Identical Ax1.es with a Static Reaction per Axle of 
Wv/2, a = O. 15, ~b = 0, s/L = 0.3, R = 0.2, ~t = 0.7, 
~ts = 0.4, ~ = 0.15, N = 3000, Jteration Tolerance = 
10- 6W v L 3/ E.I, i = 1.0 
D1stributed Mass Model, n = 15 joints 
Deflections are expressed in terms of WvL
3/E.I, Moments 
in terms of WvL and Reactionsrn terms of Wy • 
Number of Vehicle Crossings 
2 3 4 5 6 7 
(a) Smooth 'I y Mov i ng 
0.1944 0.1998 0.2023 0.2042 0.2060 0.2072 
0.01718 0,01806 0.01870 0.01920 0.01957 0.01982 
0.02629 0.02784 0.02883 . 0.02967 0.03030 0.03074 
0.01787 0.01871 0.01924 0.01970 0.02008 0.02033 
0.1591 0.1603 0.1604 0.1602 0.1601 0.1600 
o. 1998 0.2023 0.2042 0.2060 0.2072 0.2081 
0.1687 0.1694 0.1707 0.1720 0.1734 0.1740 
0.536 0.538 0.538 0.539 0.539 0.539 
0.537 0.540 0.541 0.54'1 0.542 0.542 
0.853 0.854 0.854 0.855 0.855 0.855 
0.889 0.903 0.923 0.922 0.933 0.936 
7(0.54) 7(0.55) 7(0.55) 7(0.56) 7(0.56) 7(0.57) 
8(0.38) 8 (0 .,39) 8(0.57) 8(0.57) 8(0.57) 8 (0.57) 
9(0.42) 9(0.54) 9(0.54) 9(0.57) 9(0.57) 9(0.57) 
(b) 1-5% In i t i a 10s'c ill at ion 
O. '1992 0.2'110 0.·2164 0.2190 0.2207 0.2218 
0.02025 0.02144 0.02235 0.02291 0.02325 0.02348 
0.03058 0.03260 0.03407 0.03502 0.03564 0.03603 
0.01958 0.02054 0.02148 0.02206 0.02240 0.02262 
0.1725 0.1751 0.1759 0.1772 0.1776 0.1782 
0.2111 0.2164 0.2190 0.2207 0.2218 0.2226 
0.1501 0.1518 0.1532 0.1533 0.1535 0.1543 
0.575 0.575 0.575 0.575 0.575 0.575 
0.575 0.575 0.575 0.575 0.575 0.575 
0.820 0.845 0.842 0.841 0.841 0.841 
0.964 0.982 0.990 1.008 1.017 1.024 
7(0.38) 7(0.38) 7(0.38) 7(0.39) 7(0.39) 7(0.39) 
8(0,37) 8(0,38) 8(0.38) 8(0.39) 8(0.39) 8(0.39) 
9(0.41) 9(0.42) 9(0.42) 9(0.42) 9 (0.42) 9(0.42) 
tt For significance of these values see footnote on Table 5.4. 
8 
0.2081 
0.02001 
0.03106 
0.02052 
0.1599 
0.2088 
0.1746 
0.539 
0.542 
0.855 
0.938 
7(0.57) 
,8 (0.57) 
9(0.57) 
0.2226 
0.02365 
0.03632 
0.02279 
0.1788 
0.2231 
0.1548 
0.575 
0.575 
0.841 
i .030 
7(0.39) 
8(0.39) 
9(0.42) 
fl 
o 
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FIG. 2.1 BRIDGE MODELS 
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-108-
(a) Three-Axle Vehicle 
z 
(b) Two-Axle Vehicle (c) SIngle-Axle Load Unit 
FIG. 2.3 VEHICLE MODELS 
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fiG. 2.4 RELATIONSHIPS BETWEEN INTERACTING FORCE. FRICTIONAL FORCE 
AND AXLE DEFORMATION 
Read Bridge and 
Vehicle Parameters 
[i0l1r1pute Pst and '1atrix [AJ for Vehicle 
i 
Evaluate Matrices 
for Bridge Model 
E; Set Initial Conditions of the System 
i 
~)ute Max. 
~tiCi Values 
Set initial Values 
of uU, u£, aU, e£ 
'------
[. 
locate Pos '; t ion 
of Vehicle 
Integrate Eqs. of 
Motion of System 
for a Time Interval* 
Compute Dynamic 
Response and Store 
Maximum Values 
Store Values of 
P, 11, Yt eo Bp, u, uU , 
ul , au, e£ at end of 
Time Interval 
Increase (5+1) by 1 
L--------------~--r_--------------~ 
L./tLJlQ End of Computat ion1 
Print Out 
Dynamic History 
and Amplification 
Factors 
8 
* Refer to Fig. 3~2 for Procedures 1 and 2, and Fig. 3.6 for Procedure 3. 
FIG. 3.1 GENERAL flOW DIAGRAM 
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t 
f 
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1 
ObtaIn (~)*** 
t 
Evaluate 
(P}s+l &: {P}s + {&} 
Compute (Y}s+l from Eq •. 2.14, and -------- - ------
(Y)s+l and {Y}s+1 from Eqso 2 .. 13. First Time? 
Evaluate {~)s+l' taking (i)s+1 = (~}s 
for first cycle and then using Eq. 2.8. 
I Compute Ods+l and (2}5+1 from Eq5 .. :2.13. I 
L ____________ ~ __ -_ J Is difference of 
-------- new (q}s+l with previous ~ 
~' __ -lL _______ --' va 1 ue greater than 
(8)5+1 from Eq. 2.21 prescribed tolerance? 
Type of 
Bridge Behavior? 
_._-------------
t 
Exit 
IRema rk: For Procedure';" 2, 
I 
I 
I 
I 
I 
I 
no I 
I 
I 
_ ---l 
r 
Block B 
Bilinear Inelastic 
Compute (6H)* 
t t 
Eva 1 uatE~ 
(M)s+l -= (H)s + (6H) 
Bilinear Elastic 
Compute {~r'm a. Block A should be substituted by the 
evaluation of (Y}s+1 and (Z}s+l using 
Eqso 2.11 and 2.18, respectively. 
b. alock B should be disregarded, since 
Compute (Yp)s+l and 
(u) s+ 1 from E q. 2 .. 11 
the method requires no iterations. 
* Refer to Fig- 3.3 
*~. Refer to Fig. 3.4 
**'~ Refer to Fig. 3.5 
FIG. 3 .. 2 INTEGR.ATION OF EQUATIONS OF HOTION FOI~ A SINGLE TIME INTERVAL FOR 
PROCEOURE 1 WITH TIrIE CORRESPONDING·MOOjFICATIONS fOR PROCEDURE 2 
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fiG .. 3.3 COMPUTATION OF THE DYNAMiC· INCREMENT Of MOMENT (M) fOR BRIDGE WITH BILINEAR INELASTIC BEHAVIOR 
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Ie 1 u j.s+1 $. e . I y,J 
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FIG. 3.4 COMPUTATION OF THE DYNAMIC INCREMENT OF MOMENT (L~) FOR BRIDGE WITH BILINEAR ELASTIC BEHAVIOR 
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Enter 
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FIG .. 3.6 INTEGRATION Of EQUATIONS Of HOTION FOR 
A SINGLE TIME INTERVAL FOR PROCEDURE 3 
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FIG. 4.2 LOGARITHMIC PLOT Of ERROR IN MIDSPAN DEfLECTION 
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FIG. 4.3 COMPARISON OF DYNAMIC INCREMENT CURVES FOR DEFLECTION AND MOHENT AT MIDSPAN FOR DIFFERENT 
NUMBER OF FLEXIBLE JOiNTS--SINGlE HOVING CONSTANT FORCE; Elastic System, Distributed Mass 
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FIG. 4.7 EFFECT OF NUMBER OF JOINTS ON AMPLIFICATION FACTORS FOR 
DEFLECTION AND MOMENT AT MIDSPAN FOR DIFFERENT BRIDGE MODELS--
SINGLE HOVING CONSTANT FORCE; Elastic System, a = 0.15, t3 b == 0 
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INELASTIC BEAHS--TWO-AXLE SMOOTHLY HOVING VEHICLE; k2/kl • 0.1, a· 0.15. ~b • 0, s/l • 0.3, 
R • 0.2. ~t m 0.7, ~t • 0.4, ~ • 0.15, H* • H*t s " y s 
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fIG. 5.34 HISTORIES OF MIDSPAN DEFLECTION FOR DIFFERENT NUMBER Of VEHICLE CROSSINGS--
S!N~LE*MOVING CONSTANT fORCE; k2/kl ~ 0.1, a = 0.15. ~b - 0, R - 0.2, 
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FIG. 5.35 DYNAMIC I NCREHENTSOF MIDSPAN MOMENT FOR DiffERENT NUMBER OF VEHICLE CROSSINGS--
SINGLE HOVING CONSTANT FORCE; k2/k) • 0.1, a - 0.15, ~b • 0, R - 0.2, H; - ":t . 
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FIG. 5.36 HISTORIES Of MIDSPAN DEfLECT80N fOR DIF,FERENT NUMBER Of VEHICLE CROISSINGS--SUIGlE-AXlE 
SMOOTHLY HOVING VEHICLE; k2/kl ~ 0.1, a =0.15, ~b = 0, R = 0.2. ~t = 0.1 9 ~ts - 0.4. 
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FIG. 5.31 DYNAMIC INCREMENTS Of MIDSPAN MOMENT FOR DiffERENT NUMBER Of VEHICLE CROSSINGS--
SINGLE-AXLE SMOOTHLY HOVING VEHICLE; k2/k) - 0.1. a - 0.15, ~b - 0. R - 0.2. 
~t - 0.7. ~ts = 0.4, ~ = 0.15. H~ - M:t 
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"FIG. 5 .. 38 HISTORIES Of' ~I.DSPAN DEfLECTION fOR DlffERfNTNUHBER Of VEHICLE CROSSINGS--TWO-AXLE 
SMOOTHLY HOVING VEHICLE; k2/kl - 0.1 .. a liE 0.15, t3b - 0, s/l- 0.3. R _ 0 .. 2 11 CPt - 0 .. 7. 
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FIG. 5.39 DYNAMIC INCREMENTS OF MIDSPAN MOHENT FOR DIFFERENT NUMBER Of VEHICLE CROSSINGS--TWO-AXlE 
SMOOTHLY HOVING VEHICLE; k2/kl ::: 0 .. 1, 0: = 0.15, t3b 811 O. s/L == O.:~jI R a 0.2, CPt - 0.7, 
CPt l1li 0.4" il == O. 1!5 II 14* IIII!t H*t 
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FIG. 5.40 EfFECT Of NUI1BER OF VEHICLE"CROSSINGS'O,fAHPLIFICATION fACTORS 
FOR DEFLECTION AND'MOMENT AT MIDSPAN ... SING'LE HOVING CONSTANT 
fORCE; a ~ 0.15, ~b ·'0, R - 0.2. M* - H*t unless otherwise 
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fiG. 5.41 EFfECT Of NUMBER Of VEHICLE CROSSINGS ON AMPLifiCATION FACTORS 
FOR DEFLECTION AND MOMENT AT HIDSPAN--SINGLE AND TWO-AXLE SMOOTHLY 
HOVING VEHICLE; a = 0.15, ~b m 0, R = 0.2, ~t = '0.7, ~ts • 0.4, 
~ = 0.15, H* = H* 
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FIG. 5.42 EfFECT OF NUMBER Of VEHICLE CROSSINGS ON AMPLIFICATION FACTORS 
FOR DEFLECTION AND.HOMENT 'AT MiDSPAN ..... NO ... AXLE SPRUNG LOAD; k2/k, == 0.1, 
.a - 0.15, ~i == 0* s/l- 0.3, R = 0.2, ~t • 0.7, ~ts II: 0.4, 
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